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Well-being and its inequality are inherently multidimensional concepts (To-
bin, 1970; Sen, 1992). Multidimensional measures of inequality allow taking
this multidimensionality explicitly into account. One of the important added
values of such an approach - compared to the standard unidimensional ones -
is its sensitivity to the dependence between the dimensions. Intuitively, we say
that a multidimensional distribution is more dependent than another one, when
its dimensions tend to more ”large” or ”small” together.

The purpose of the paper is to look in detail at the notion of dependence
between the dimensions of a multidimensional distribution by proposing and
comparing some partial and complete dependence orderings. These orderings
can be useful in the field of measuring multidimensional inequality, horizontal
inequality or income mobility.

In the second section we start by investigating the notion of dependence by
comparing the dependence of two multidimensional distributions with the same
marginal distributions. Two partial orderings are defined.

The first partial ordering, the supermodular1 ordering is introduced by Ep-
stein and Tanny (1980) and reintroduced in the multidimensional inequality
literature by Tsui (1999)2. A m-dimensional distribution is said to be more
dependent according to the supermodular ordering, when it can be obtained
from another one by a finite series of correlation increasing transfers, defined as
follows.
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1Marshall and Olkin, 1979, p. 146. A function ψ : Rm −→ R is supermodular (L-

superadditive), if for all xi, xj ∈ Rm

ψ (max(xi, xj)) + ψ (min (xi, xj)) ≥ ψ(xi) + ψ (xj)

2The reader finds more on dependence and multidimensional inequality in the work of
Atkinson and Bourguignon, 1982; Rietveld 1990; Tsui 1999; Weymark, 2006; Naga and Geof-
fard 2006 or Lugo, 2007.
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Definition 1 Let F be a multivariate cumulative distribution function. A cor-
relation increasing transfer adds the mass ε > 0 at the points min (xi, xj) and
max (xi, xj), and subtracts the mass ε at the points xi and xj

In an additive separable welfare framework, the supermodular ordering is
equivalent to requesting unanimity in the entire class of supermodular utility
functions. A similar result is derived in the pioneering work by Atkinson and
Bourguignon (1982).

The second partial ordering is based on the concordance ordering, introduced
by Joe (1990) in the mathematical statistics literature.

Definition 2 Let F and G be two cumulative distribution functions, with cor-
responding survival functions F and G. Then G is more concordant than F ,
denoted F �C G, if

F (x) ≤ G(x) and F (x) ≤ G(x) ∀x ∈ Rm (1)

The concordance ordering is closely related to the no-dominance axiom used
in the fair allocation literature (See Moulin and Thomson, 1988 or Fleurbaey
and Trannoy, 2003). A multidimensional distribution is more dependent when
more incidences of dominance3 can be found. The concordance ordering has the
advantage of being statistically testable by using expression (1), see Dardanoni
and Lambert, 2001 or Cebrian et al. 2004. Up to our knowledge the concordance
ordering is not yet introduced in the multidimensional welfare or inequality
literature. If there are at least three dimensions, it can be proven that the
concordance ordering is more complete than the supermodular ordering (Joe
1990; Müller and Scarsini, 2000).

In the third section the dependence of two multidimensional distributions
with different margins is compared. To do so, the copula function is useful. It
is a popular tool in the actuarial sciences literature to model multidimensional
risk. An m-dimensional copula, CF , is an m-dimensional cumulative distribu-
tion function with unit uniform marginals, which couples the joint distribution
function and its margins. (See Nelsen, 2006 or Joe 1997 for an extensive the-
oretical treatment of the copula-function). The reason why a copula is useful
in revealing the link between the joint distribution function and its margins
transpires in the following theorem.

Theorem 1 (Sklar’s Theorem) Let F (x) be an m-dimensional cumulative dis-
tribution function with margins F1(x1), F2(x2), ..., Fm(xm). Then there exists an
m- copula such that for all x in Rm :

F (x) = C (F1 (x1) , ..., Fm (xm)) (2)

If F1(x1), F2(x2), ..., Fm(xm) are all continuous, then CF is uniquely defined.

3Let xi and xj ∈ Rm, xi is said to dominate xj if xi � xj , where � denotes the vector
inequality.
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A copula disentangles the dependence structure and the margins. Mono-
tonically increasing transformations of the dimensions result in the transformed
dimensions having the same copula. The above two partial dependence order-
ings can be redefined in terms of the underlying copula functions.

In section 4, we impose more structure to the problem to come to a com-
plete dependence ordering by using multidimensional measures of dependence.
Prominent candidates are the recently developed copula-based multidimensional
versions of Kendall’s τ or Spearman’s ρ (Nelsen 2002; Dolati et al. 2006; Taylor,
2007). Their properties are investigated. The proposed dependence measures
share the attractive property of being monotonically increasing in the concor-
dance ordering. Possible applications of these copula-based measures of depen-
dence can be found in the problem of measuring the dependence in an empirical
multidimensional welfare distribution4, further in the measurement of income
mobility (See Bonhomme and Robin, 2006, for example) or in the measurement
of horizontal inequality (See and Dardanoni and Lambert, 2001).

A final section concludes and points at further directions for research. A
possible extension is the class of multidimensional inequality measures that is
decomposable in the inequality of its margins and the dependence measured by
a copula-based measure (a similar decomposition can be found in the work of
Naga and Geoffard (2006)).

4The standard approach to measure dependence is to calculate pair wise correlation co-
efficients between the dimensions, see Srinivasan (1994) for an application to the Human
Development Index. On the pitfalls of using a linear correlation coefficient in the related
problem of measuring multidimensional risk, see Embrechts et al. (2000).
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