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Abstract

In an economy with an occasionally binding zero lower bound (ZLB) constraint, the anticipa-
tion of future ZLB episodes creates a trade-off for discretionary central banks between inflation
and output stabilization. As a consequence, inflation systematically falls below target even when
the policy rate is above zero. Appointing Rogoff’s (1985) conservative central banker mitigates
this deflationary bias away from the ZLB and enhances welfare by improving allocations both

at and away from the ZLB.
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1 Introduction

In light of the liquidity trap conditions currently prevailing in many advanced economies, an in-
creasing number of economists and policymakers has called for a re-assessment of central banks’
monetary policy frameworks.! This paper contributes to this task by examining the desirability of
Rogoff’s (1985) inflation conservative central banker in an economy with an occasionally binding
zero lower bound (ZLB) on nominal interest rates.

Rogoff (1985) considered a model where in the absence of a commitment device monetary
stabilization policy suffers from a credibility problem that results in excessive inflation—the so-
called inflation bias (Kydland and Prescott, 1977; Barro and Gordon, 1983). He showed that in this
environment society can be better off if the central bank is less concerned with output gap stability
relative to inflation stability than is society. The credibility problem of discretionary monetary
policy at the ZLB is of the opposite nature: Expected inflation is too low and the inability of the

2 We consider

central bank to increase inflation expectations further depresses current inflation.
the latter credibility problem in a New Keynesian model where monetary policy is delegated to a
discretionary central bank which decides each period about the short-term policy rate. To focus
on the role of the ZLB, we abstract from the original inflation bias problem. Society’s welfare can
then be approximated by the negative of the weighted sum of inflation and output volatility.

In this model, the ZLB makes the first-best equilibrium unattainable and can be a huge drag on
society’s welfare.? We find that the appointment of an inflation conservative central banker reduces
the welfare costs of discretionary policymaking induced by the ZLB. The mechanism behind our
result is as follows. In an economy in which future shocks can push the policy rate to the lower
bound, the anticipation of lower inflation and output gives forward-looking households and firms
incentives to reduce consumption and prices even when the policy rate is above the ZLB. The
central bank cannot fully counteract these incentives. When the central bank is concerned with
both inflation and output stabilization, it faces a trade-off between the two objectives, implying
deflation and a positive output gap in those states where the ZLB is not binding. Following the
terminology of Nakov (2008), we will refer to this deflation when the policy rate is above zero as
deflationary bias.

A central banker who puts comparatively more weight on inflation stabilization mitigates the
deflationary bias away from the ZLB at the cost of a potentially higher output gap. Viewed in
isolation, this is welfare-reducing because it shifts inflation and output gap realizations away from
the welfare-implied target criteria. However, lower deflation and higher output gaps away from
the ZLB also reduce expected real interest rates and increase expected marginal costs at the ZLB,
mitigating deflation and output declines there. This in turn implies that a smaller positive output
gap is required to stabilize inflation away from the ZLB, setting in motion a positive feedback loop.

We prove analytically the optimality of placing zero weight on output stabilization for our

!See, for example, Blanchard, Dell’Ariccia, and Mauro (2010); Tabellini (2014); Williams (2014, 2016).
2See Krugman (1998) and Eggertsson (2006).
3See Adam and Billi (2007).



baseline sticky-price model where the economy is only subject to a two-state natural real rate
shock and we quantify the welfare gains from inflation conservatism numerically in a more elab-
orate continuous-state model with additional shocks, nominal price and wage rigidities and en-
dogenous inflation inertia. In the quantitative model, the central bank’s optimal weight on out-
put stabilization—while strictly smaller than society’s weight on output stabilization—is typically
slightly above zero when we account for cost-push shocks. The welfare gains from inflation conser-
vatism are non-negligible, and can be quite large, e.g. up to 80%, for reasonable parameterizations.

The desirability of inflation conservatism in the presence of the ZLB is compared with several
other institutional configurations that were originally studied in the context of the classic inflation
bias problem of discretionary policymaking.* Imposing an optimized output or inflation target on
the central bank, or assigning a simple linear contract that rewards the central bank for positive
inflation rates or positive output gaps also helps to reduce the welfare costs of discretionary poli-
cymaking induced by the ZLB. Depending on the model variant, the gains from these alternative
institutional arrangements may be larger than those from inflation conservatism. However, an ap-
pealing feature of inflation conservatism is its robustness. Conservatism is desirable both in the
context of the deflationary bias problem considered here and in the context of the classical inflation
bias problem. In contrast, the sign of the optimized target or contract parameter is sensitive to
whether the economy suffers from the deflationary bias or the inflation bias problem.

An additional contribution of our paper is to show that the ZLB makes discretionary monetary
policy prone to equilibrium multiplicity.? In our baseline two-state model, there can be two Markov-
Perfect equilibria, and we provide analytical characterizations of the conditions for equilibrium
existence.

Our paper is related to a set of papers that examine various ways to improve allocations at the
ZLB in time-consistent manners. Eggertsson (2006), Burgert and Schmidt (2014), and Bhattarai,
Eggertsson, and Gafarov (2015) consider economies in which the government can choose the level
of nominal debt and show that an increase in government bonds during the liquidity trap improves
allocations by creating incentives for future governments to inflate. In a model in which government
spending is valued by the household, Nakata (2013) and Schmidt (2013) show that a temporary
increase in government spending can improve welfare whenever the policy rate is stuck at the ZLB.
Schmidt (2016) examines the desirability of fiscal policy delegation regimes in the context of the
ZLB. He finds that fiscal authority that cares less about government consumption stability relative
to output gap and inflation stability than society mitigates the time-inconsistency problem and
increases welfare. A key characteristic of these proposals is that they involve additional policy
instruments and require coordination of monetary and fiscal authorities. The approach studied in

our paper only requires that the central bank is maximizing its assigned objective.”

“See, e.g., Persson and Tabellini (1993), Walsh (1995), and Svensson (1997).

®See also Armenter (2014) and Nakata (2014). The fact that the ZLB can give rise to equilibrium multiplicity was
first shown by Benhabib, Schmitt-Grohe, and Uribe (2001) in the context of simple monetary policy rules. They did
not consider discretionary policy.

5Some studies examine other time-consistent ways to better stabilize inflation and output in the model with
the ZLB constraint without relying on additional policy instruments. See Nakata (2014) for an approach based on



Finally, our work is also related to a set of papers that examine the desirability of Rogoff’s
conservative central banker in settings other than the original model with inflation bias. Clarida,
Gali, and Gertler (1999) showed that the appointment of a conservative central banker is also
desirable in a New Keynesian model, in which the presence of persistent cost-push shocks creates a
stabilization bias in discretionary monetary policy—that is, an inferior short-run trade-off between
inflation and output stabilization compared with the time-inconsistent Ramsey policy. Adam and
Billi (2008), Adam and Billi (2014), and Niemann (2011) examined the benefit of conservatism in
versions of New Keynesian models augmented with endogenous fiscal policy. However, all of these
studies have abstracted from the ZLB constraint.

The remainder of the paper is organized as follows. Section 2 describes the baseline model
and the government’s optimization problem, and defines the welfare measure. Section 3 presents
the main results on inflation conservatism. Section 4 compares inflation conservatism to other
institutional configurations that aim to mitigate the credibility problem of discretionary monetary
policy. Section 5 provides a quantitative analysis of inflation conservatism based on a bigger

continuous-state model calibrated to the U.S. economy. Section 6 concludes.

2 A simple model

This section presents the baseline model, lays down the policy problem of the central bank and
defines the equilibrium. The basic structure of this model is also at the heart of the more elaborate

model that we use in our quantitative analyses.

2.1 Private sector

The private sector of the economy is given by the standard New Keynesian structure formulated
in discrete time with infinite horizon as developed in detail in Woodford (2003) and Gali (2008).
Following the majority of the literature on the ZLB, we put all model equations except for the ZLB
constraint in semi-loglinear form. This allows us to derive closed-form results.

The equilibrium conditions of the private sector are given by the following two equations:

T = Ky + BEi T4 (1)
Yt = By — o (ip — Eympr —1¢') (2)

where 7 is the inflation rate between periods ¢ — 1 and ¢, y; denotes the output gap, i; is the
level of the nominal interest rate between periods ¢t and ¢ 4+ 1, and r} is the exogenous natural
real rate of interest. Equation (1) is a standard New Keynesian Phillips curve and equation (2)
is the consumption Euler equation. The parameters are defined as follows: § € (0,1) denotes

the representative household’s subjective discount factor, ¢ > 0 is the intertemporal elasticity of

reputation, and Billi (2013) and Nakata and Schmidt (2016) for alternative monetary policy delegation schemes.



substitution in consumption, and x represents the slope of the New Keynesian Phillips curve.”

We assume that the natural real rate follows a two-state Markov process. In particular, r}* takes
the value of either 7} or r} where we refer to 7}, > 0 as the high (non-crisis) state and r} < 0 as

the low (crisis) state. The transition probabilities are given by

Prob(riyy = ri|ri' =) = pu 3)

Prob(ri = rilry' =) = pr. (4)

pg is the probability of moving to the low state in the next period when the economy is in the
high state today and will be referred to as the frequency of the contractionary shocks. pr is the
probability of staying in the low state when the economy is in the low state today and will be

referred to as the persistence of the contractionary shocks.

2.2 Society’s objective and the central bank’s problem

We assume that society’s value, or welfare, at time t is given by the expected discounted sum of

future utility flows,
Vi = u(m, yi) + BE Vit (5)

where society’s contemporaneous utility function, u(-, -), is given by the standard quadratic function

of inflation and the output gap,

1 _
ulm,y) = 3 (7 +397) (6)
This objective function can be motivated by a second-order approximation to the household’s

preferences. In such a case, A is a function of the structural parameters and is given by A = g_s

Monetary policy is delegated to a central bank. The value for the central bank is given by

Vi = uCP (m, ) + BEVEY, (7)
where the central bank’s contemporaneous utility function, u¢? (+,-), is given by
CB L, 5 2
ut(my) = =5 (7 + A7) (8)

Note that, while the central bank’s objective function resembles the private sector’s, the relative
weight that it attaches to the stabilization of the output gap, A > 0, may differ from X. We assume
that the central bank does not have a commitment technology. Each period ¢, the central bank

chooses the inflation rate, the output gap, and the nominal interest rate in order to maximize its

"k is related to the structural parameters of the economy as follows: k = % (071 + 17) , where a € (0,1)
denotes the share of firms that cannot reoptimize their price in a given period, n > 0 is the inverse of the elasticity
of labor supply, and 6 > 1 denotes the price elasticity of demand for differentiated goods.

8See Woodford (2003).



objective function (7) subject to the behavioral constraints of the private sector (1)-(2) and the
ZLB constraint i; > 0, with the policy functions at time ¢ + 1 taken as given.

A Markov-Perfect equilibrium is defined as a set of time-invariant value and policy functions
{VEB(), y(), 7(), i(-)} that solves the central bank’s problem above, together with society’s
value function V'(-), which is consistent with y(-) and = (-). As shown in the Appendix, there are
two Markov-Perfect equilibria in this economy: One fluctuates around a positive nominal interest
rate and zero inflation/output (the standard Markov-Perfect equilibrium), and the other fluctuates
around a zero nominal interest rate and negative inflation/output (the deflationary Markov-Perfect
equilibrium). We focus on the standard Markov-Perfect equilibrium in this paper.

The main exercise of the next section will be to examine the effects of A on society’s welfare.
We quantify the welfare of an economy by the equivalent perpetual consumption transfer (as a
share of its steady state) that would make a household in the hypothetical economy without any

fluctuations indifferent to living in the economy,
0,
W= (1-5) (o7 +n) BV, )

where the mathematical expectation is taken with respect to the unconditional distribution of rf*.”

3 Results

After providing conditions for the existence of the standard Markov-Perfect equilibrium, this section
shows how output and inflation in the two states depend on the central bank’s relative weight on
output stabilization A and shows that A = 0 is optimal.

Let zj denote the value of variable x in state k, where k € {H,L}. The standard Markov-
Perfect equilibrium is then given by a vector {ym, 7w, im,yr, 7,15} that satisfies the system of

linear equations and inequality constraints described in Appendix B.

Proposition 1: The standard Markov-Perfect equilibrium exists if and only if

IN

2(9(71)[1))7
}if(@(*pH)%

pL=p
p

IN

bH

where i) for any parameter z, O (_z) denotes the set of parameter values excluding x, and ii) the

cutoff values p} (©(_,,)) and p};(©(_,,,)) are given in Appendix B.

See Appendix B for the proof.!? For a given parameterization of the model (including the transition

probabilities for the two-state shock) the standard Markov-perfect equilibrium exists if and only if

9For a derivation of the welfare-equivalent consumption transfer, see Appendix A.
10The conditions for the existence of the deflationary Markov-Perfect equilibrium turn out to be identical to those
for the existence of the standard Markov-Perfect equilibrium; see Appendix J.



this parameterization satisfies both inequality conditions.!!

When the conditions for the existence of the equilibrium hold, the signs of the endogenous

variables are unambiguously determined.

Proposition 2: For any A > 0, 7y < 0, yg > 0, ig <1}, 7 <0, yr <0, and i, = 0. With
A=0,mg =0.

See Appendix B for the proof. In the low state, the ZLB constraint becomes binding, and output
and inflation are below target. In the high state, a positive probability of entering the low state in
the next period reduces expected marginal costs of production and leads firms to lower prices in
anticipation of future crises events. This raises the expected real rate faced by the representative
household and gives it an incentive to postpone consumption. The central bank chooses to lower
the nominal interest rate to mitigate these anticipation effects. In equilibrium, inflation and output
in the high state are negative and positive, respectively, and the non-crisis policy rate is below
the natural real interest rate. These analytical results are consistent with the numerical results
in the literature (see Nakov (2008), among others). In particular, negative inflation away from
the ZLB has been referred to as deflationary bias. This proposition provides the first analytical
underpinning for the deflation bias.

Notice that the first part of this proposition (75 < 0, yg > 0, and iy < r}) can be seen as
demonstrating the breakdown of the so-called divine coincidence. If there were no ZLB constraint,
then inflation and output gap in both states would be zero. Here, in the model with the ZLB
constraint, inflation and the output gap are not fully stabilized even in the high state when the ZLB
does not bind. This is because the possibility of future ZLB episodes reduces inflation expectations
in the high state, which can be thought of as a negative cost-push shock that shifts down the
intercept of the Phillips curve. In this regard, accounting for py > 0 is essential for the analysis.

We now establish several results on how the degree of conservatism affects endogenous variables
in both states. In doing so, we assume that parameter values are such that the conditions for

equilibrium hold for a reasonable range of A > 0.12

Proposition 3: For any A > 0, ag—f <0, %L)\L < 0, and %L/\L < 0. For any A > 0, %’—/{{ < 0if and
only if Bpy — (1 — ) (%(1 — Bpr + Bpu) — pL) < 0.

See Appendix B for the proof. Bg—/{{ < 0 means that, as the central bank cares more about in-
flation, inflation in the high state is higher (i.e., the deflation bias in the high state is smaller).
Since a lower rate of deflation in the high state increases output and inflation in the low state via

expectations, inflation and output in the low state both increase with the degree of conservatism

"Richter and Throckmorton (2014) show numerically for a nonlinear New Keynesian model that the boundary
of the region of the parameter space where their solution algorithm converges to a minimum state variable solution
imposes a trade-off between the frequency and the persistence of ZLB events.

12,% and p} do depend on ), but for values of A between 0 and X the quantitative effect is negligible.



(ag—)f < 0 and aai/\L < 0). The effect of conservatism on output in the high state is ambiguous. On
the one hand, a more conservative central bank is willing to tolerate a larger overshooting of output
given the same inflation expectations. On the other hand, higher inflation in both states improves
the trade-off between inflation and output stabilization implied by the Phillips curve, making it

possible to reduce the overshooting of output in the non-crisis state.

Proposition 4: Suppose that p; and py are sufficiently low so that p, < p;(©,,)) and
pr < P (O(py)) for all X in [0, A]. Then, welfare is maximized at A = 0.

See Appendix B for the proof. As demonstrated in Proposition 3, deflation in the high state is

smaller and inflation and output decline less in the low state with a smaller A. These forces work

RO

to improve society’s welfare. If Spy — (1 — () (1_pL (1 - Bpr + Bpr) —pL) > 0, then output in
the high state becomes smaller with a smaller A and the optimality of zero weight is obvious. If
Bpag — (1 —05) <%(1 — Bpr + Brm) —pL> < 0, then a smaller X increases the already positive
output gap and thus has ambiguous effects on welfare. Proposition 4 demonstrates that, even in
this case, the beneficial effects of a smaller A on 7y, 7, and y;, dominate the adverse effect on yg.

In Appendix D, we provide a numerical illustration of the aforementioned model properties.

4 Other institutional solutions

In this section, we compare the optimal inflation conservative central banker with four other insti-
tutional configurations that have been studied extensively in the context of the traditional inflation
bias problem of discretionary policy: a linear inflation/output gap contract (IC/OC), and an in-
flation/output gap target (IT/OT). To do so, we consider a modified version of the central bank’s

period objective function

uB (1, y0) = *% [(Wt — fi)? + Xyt — for)?| + from + focur, (10)

where frr, for, fic and foc are parameters, and where the weight on the quadratic output gap
term in the central bank’s objective function is the same as in society’s period utility function.
Let j € {IT,O0T,IC,OC} denote a monetary policy regime that satisfies f; # 0 and fi = 0,
Vk € {IT,OT,IC,OC}, k # j. The next proposition shows that the regimes IT, OT, IC and OC

are isomorphic to each other.

Proposition 5: Suppose the policy parameter f; in regime j equals some value f # 0. Then
for each monetary policy regime m € {IT,OT,IC,OC}, m # j, there exists a value for policy

parameter f,, such that the equilibrium conditions under regimes j and m are the same.

See Appendix C for the proof. Hence, welfare (9) is the same under the optimized IT, OT, IC and

OC regimes, provided that an equilibrium exists. Without loss of generality, we therefore focus



on the linear inflation contract for the remainder of this section and set frr, for, foc = 0. In
Appendix C, we show that the conditions for equilibrium existence provided in the previous section
are sufficient for all fic € [0, fic), where fic > —rp is a function of structural parameters. We

can then establish the following welfare results.

Proposition 6: (i) There exists a linear inflation contract with f;o = f?o, where 0 < f?o <
frc, that replicates the discretionary equilibrium under the optimal inflation conservative central
banker. (ii) Welfare under the optimal linear inflation contract is strictly larger than welfare un-
der the optimal inflation-conservatism regime, and the optimized contract parameter f. satisfies
Y% < fic < fre. (iii) The discretionary equilibrium under the optimal linear inflation contract

features strictly positive inflation in the high state, mz > 0.

See Appendix C for the proof. Proposition 5 and Proposition 6 together imply that also the optimal
IT, OT and OC regimes lead to better welfare outcomes than the optimal inflation-conservatism
regime. A key feature of the optimal IT, OT, IC and OC regimes is that, unlike under the optimal
conservatism regime where inflation in the high state is zero, they stabilize inflation in the high state
at a level strictly above zero.'® Positive inflation in the high state mitigates the decline of output
and inflation in the low state via expectations and consequently further improves the stabilization
trade-off in the high state.'*

5 A quantitative model

In this section, we consider a more elaborate continuous-state model that allows us to quantify
the welfare effects of inflation conservatism and other institutional configurations in an empirically
motivated framework. The model features price and wage rigidities as in Erceg, Henderson, and
Levin (2000), and non-reoptimized prices and wages may be partially indexed to past inflation. The
economy is buffeted by preference shocks to the household’s discount factor and by price mark-up

shocks.1?

13See Appendix D for a numerical illustration.

1YWhether a marginal increase in f; raises or lowers output in the high state is determined by the same condition
that determines whether a marginal increase in \ raises or lowers output in the high state under inflation conservatism.

15Tn Appendix H we consider a model variant with wage mark-up shocks.



5.1 The private sector and the central bank

Aggregate private sector behavior is summarized by the following system of semi-loglinear equations

M — TpTMi—1 = Kp <1 z yyt + wt> + B(Eymiq1 — Tpme) + Uy, (11)
T = TwT1 = K ((01 + 1_777> Yt — wt> + B(Eymy ) — Twm), (12)
WXV = Wp — Wg—1 + T, (13)

Yt = Eyyp1 — o (g — Eympp —1¢) (14)

Equation (11) captures the price setting behavior of firms, where w; is the composite real wage rate
and wu; is a price mark-up shock. Equation (12) summarizes the nominal wage setting behavior of
households, where 7}" denotes nominal wage inflation between periods ¢ — 1 and t. Parameters Tp
and 7, represent the degree of indexation of prices and wages to past inflation. Equation (13) relates

nominal wage inflation to the change in the real wage rate and the price inflation rate, and equation

(1-a)(1-af) 1-—
«@ 1—~+~6>

, where v € (0,1) is the capital elasticity of output, ay € (0,1) denotes the

(14) is the familiar consumption Euler equation. Parameters satisfy &, = and

(I—aw)(1—Baw)
aw (1+nfw)
share of households that cannot reoptimize their nominal wage in a given period and 6y > 1 is the

Ry =

wage elasticity of demand for differentiated labor services. The two external disturbances follow

stationary autoregressive processes

i = prrimg + (1= pr) 7" + €,

— u
Up = pylp—1 + €,

where €7, x € {r,u}, are i.i.d. N(0,02) innovations, and where the process for the preference shock
is written in terms of the natural real rate of interest.

As before, society’s welfare at time ¢ is given by the expected discounted sum of future utility
flows. In the quantitative model, society’s contemporaneous utility function wu(-) is given by the
following second-order approximation to the household’s utility, assuming that deterministic steady

state distortions are eliminated by appropriate subsidies'6

1 _ _
U(TFt,ytﬂTtWﬂthlﬂTF_q) = ) [(Wt - Tp7thl)2 + Ayf + )\W(WXV - Twﬂ'tfl))ﬂ ) (15)

where the relative weights are functions of the structural parameters.'”

As before, the central bank acts under discretion. We consider four monetary policy regimes:
the benchmark regime where the central bank has the same objective function as society, inflation

conservatism, a linear inflation contract and wage inflation conservatism.'® A wage inflation con-

63ee Giannoni and Woodford (2004).

pectfcally A=y (07! + £47) § and dw = ATy

8The inflation contract regime is isomorphic to several other regimes, including an output contract, a wage inflation

10



servative central banker is a natural institutional reform candidate in our quantitative model since
the presence of nominal wage rigidities implies that society cares about wage inflation stability.

Nesting these four regimes, the central bank’s contemporaneous utility function u(-)¢? is given by

1 _
uCB(Wt,thXVWt—lﬂTXKO =73 [)\w(ﬂ't - 7'pTFt—1)2 + /\th + )\W(WXV - Twﬁt—l)z] + fmy, (16)

where Ar, A and f are policy parameters. For A = 1, A = X and f = 0, the central bank’s objective
function collapses to society’s objective function. Appendix E describes the optimization problem

of a generic discretionary policymaker and lists the first order conditions.

5.2 Calibration and model solution

The model is calibrated to the U.S. economy following the parameterization in Schmidt (2016),
and is summarized in Table 1. The period length is one quarter. While the baseline calibration

sets the indexation parameters 7, and 7, to zero, this assumption is relaxed later on. The implied

Table 1: Baseline calibration of quantitative model

3 09938 [0 9 aw 072 |7, 0 pu O
ot 1.22 O 9 v 03 |p 08 o, 0.17
n 1.69 a 072|717, O o, 0.363

values for the parameters in society’s objective function are A = 0.0103 and Ay = 2.3361. We use a
projection method with finite elements to solve the model numerically, as described in Appendix F.
This method allows for an accurate treatment of expectation terms. The calibrated model matches
the observed volatility of inflation, short-term interest rates, and real GDP growth in the United
States over the previous two decades quite well. Under the benchmark monetary policy regime
where the central bank has the same preferences as society, the unconditional standard deviations
of annualized inflation, the annualized short-term nominal interest rate, and annualized quarterly
real GDP growth are 0.63, 2.36 and 2.07, respectively. In the data, for the period from 1995-Q1
until 2015-Q4 the standard deviation of annualized quarterly U.S. inflation as measured by the CPI
less food and energy is 0.61, the standard deviation of the quarterly short-term nominal interest
rate as measured by the effective federal funds rate is 2.37 (annualized), and the standard deviation

of the annualized quarterly real GDP growth rate is 2.54.

5.3 Optimal institutional configurations

As before, we quantify the effects of alternative monetary policy regimes on society’s welfare by the

perpetual consumption transfer (as a share of its steady state) that would make a household in the

contract, an inflation target, an output target and a wage inflation target.

11



artificial economy without any fluctuations indifferent to living in the economy. In the quantitative

model, this welfare-equivalent consumption transfer is given by

W= (1-p5) % <01 + T_LD E[V]. (17)

Table 2 reports the optimized cental bank objective function parameters, welfare (17), and the

frequency of ZLB events for the four alternative regimes.'®

Table 2: Results for the quantitative model - baseline calibration

Regime Optimized policy Welfare Welfare gain over ZLB frequency
parameter (benchmark) (in %)  benchmark (%) (in %)

Benchmark discretion - -0.101 0 31

Inflation conservatism A =0.002 (0.01) -0.074 27 33

Inflation contract f=10.19 (0) -0.062 39 24

Wage inflation conserv. Ar =0.35 (1) -0.070 31 31

Note: The non-optimized policy parameters have the following values. Benchmark discretion: Ar = 1, A = 0.010,
f = 0. Inflation conservatism: A = 1, f = 0. Inflation contract: Ar = 1, A = 0.010. Wage inflation conservatism:
A =0.002, f=0.

Under the benchmark regime, society’s welfare loss amounts to a permanent reduction in con-
sumption of 0.1% of its deterministic steady state and the ZLB binds in 31% of the simulated
periods. Under optimal inflation conservatism, the weight on output gap stabilization in the central
bank’s objective function is strictly positive—reflecting the presence of price mark-up shocks—but
considerably smaller than the weight that society puts on the output gap term. Society’s welfare is
27% higher than under the benchmark regime. These welfare gains from inflation conservatism are
closely linked to the ZLB. Without the ZLB, appointing an inflation conservative central banker in
this model would not be welfare-improving. The effect of inflation conservatism on the frequency
of ZLB events is ambiguous. On the one hand, an inflation conservative central banker responds
more elastically to variations in inflation than the benchmark central banker does, thereby increas-
ing the frequency of ZLB events. On the other hand, inflation conservatism improves stabilization
outcomes at the ZLB, as discussed in Section 3. This mitigates the deflationary bias and thereby
reduces the frequency of ZLB events. For our baseline calibration, the former channel is slightly
stronger than the latter, leading to a two percentage points increase in the frequency of ZLB events.
The optimal linear inflation contract leads to a slightly higher welfare level than the conservatism
regime. This goes hand-in-hand with a 7 percentage points reduction in the frequency of ZLB

events compared to the benchmark regime. Finally, to explore the desirability of wage inflation

19Results are based on 2000 simulations with a length of 1050 periods each, where the first 50 periods are discarded
as burn-in periods. For each regime candidate, we calculate the average of the discounted welfare loss across the
simulations. Appendix H presents results from sensitivity analyses. Appendix I compares inflation targeting to
price-level targeting.
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conservatism, we fix the central bank’s relative weight on output gap stabilization at the optimized
value and ask whether there are additional gains from assigning a weight on inflation stabilization
A that deviates from the weight of unity in society’s objective. For the baseline calibration, assign-
ing a lower weight on the price inflation term in the central bank’s objective function is associated
with some small additional welfare gains. Such a regime can be characterized as wage inflation
conservative in the sense that it puts a higher weight on wage inflation stability relative to price
inflation and output gap stability than society does.?°

Previous work by Adam and Billi (2007) suggests that the welfare costs of purely discretionary
policymaking in the presence of the ZLB can be very large when current inflation is partly driven
by past inflation rates. To investigate the effects of this form of endogenous inflation inertia on
the optimal institutional configurations and welfare, we next consider a model variant where non-
reoptimized prices and wages are partially indexed to past inflation. To economize on the number
of state variables, we abstract from the price mark-up shock and drop u; from equation (11). Table
3 reports the optimized policy delegation parameters, welfare as measured by equation (17), and

the frequency of ZLB events for the case where 7 = Ty = 0.2. Without the ZLB, the discretionary

Table 3: Results for the quantitative model with partial indexation

Regime Optimized policy Welfare Welfare gain over ZLB frequency

parameter (benchmark) (in %)  benchmark (%) (in %)
Benchmark discretion - -0.096 0 40
Inflation conservatism A =0 (0.01) -0.018 81 31
Inflation contract f=10.16 (0) -0.018 81 23
Wage inflation conserv. Ar=5(1) -0.012 87 31

Note: The non-optimized policy parameters have the following values. Benchmark discretion: A\ = 1, A = 0.010,
f = 0. Inflation conservatism: Ar = 1, f = 0. Inflation contract: A = 1, A = 0.010. Wage inflation conservatism:
A=0, f=0.

policymaker would be able to replicate the efficient equilibrium in this model variant where natural
real rate shocks are the only source of uncertainty. Hence, in this model welfare losses are directly
linked to the presence of the ZLB. In spite of the rather modest degree of price and wage indexation,
the costs of discretionary policymaking without delegation are quite high, being tantamount to a
permanent reduction in consumption of almost 0.1% of deterministic steady state consumption.
Optimal inflation conservatism reduces the welfare costs considerably to about one-fifth of those
observed under the benchmark regime. In the absence of mark-up shocks, the optimal relative
weight on the output gap term in the central bank’s objective function is zero, as in the simple two-
state model.2! Unlike under the baseline calibration, appointing an inflation conservative central

banker reduces the frequency of ZLB events. The optimal linear inflation contract performs as

29This result is sensitive to the type of mark-up shock that enters the model. In Appendix H, we show that if the
price mark-up shock is replaced with a wage mark-up shock, then it becomes optimal to choose a A > 1.

2Tn this model variant, welfare could be increased further by allowing for negative values of A. For instance, if
A = —0.001, which is the smallest value of A for which our computational algorithm converges, then society’s welfare
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well as inflation conservatism and further reduces the frequency of ZLB events. Finally, unlike in
the baseline model with price mark-up shocks, in this model variant welfare under a conservative
central bank can be increased further by assigning more, not less, weight on the price inflation
stability objective relative to the output and wage inflation stability objectives.??

In Appendix G, we show how the choice of the monetary policy regime affects the behavior of

the economy in a temporary liquidity trap scenario.

6 Conclusion

We have demonstrated, both analytically and numerically, that an economy that experiences occa-
sional ZLB episodes can improve welfare by appointing a conservative central banker who is more
concerned with inflation stabilization relative to output stabilization than society is. In the absence
of policy commitment, optimal monetary policy suffers from a deflationary bias. Inflation stays
below target even when the policy rate is positive because households and firms anticipate that
the ZLB can be binding in the future. Subdued inflation rates away from the ZLB in turn exac-
erbate the decline in output and inflation when the economy is in a liquidity trap. A conservative
central banker counteracts this vicious cycle by mitigating the deflationary bias away from the
ZLB, thereby improving stabilization outcomes at and away from the ZLB. The welfare gains from
inflation conservatism are particularly large in models where current inflation and nominal wage

growth are partly determined by past inflation rates.
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Appendix

A Welfare measure for the simple model of Section 2

We quantify the welfare of an economy by the equivalent perpetual consumption transfer (as a
share of its steady state) that would make a household in the hypothetical economy without any
fluctuations indifferent to living in the actual economy. The welfare measure can be derived as
follows.

A permanent reduction in private consumption C' by a share W in the hypothetical econ-
omy without fluctuations reduces lifetime utility of the representative agent in this economy by
Z;'io BIUcCW = ﬁU(;CW, where Ug is the marginal utility of consumption evaluated at the
deterministic steady state.

The second-order approximation to the unconditional expected lifetime utility in the actual
economy equals UCC'%(U_1 +n)E[V].®
Equalizing the two terms and solving for W, we obtain the following expression for the welfare-

equivalent permanent consumption transfer

W= (-8 BV

B Proofs related to Section 3

In this section, we will provide details of the proofs for the propositions stated in Section 3 in the
main text. Since the proofs are algebraically intensive, we will have to omit some details in this

section.

B.1 Proof of Proposition 1

The standard Markov-Perfect equilibrium is given by a vector {yg, 7w, im,yr, 7L, i} that solves

the following system of linear equations

yu = [(1 = pa)yn + puyr] + o[(1 — pa)mu + pamr —ig + 7], (B.1)
7 = kyn + B[(1 — pu)mH + puTL], (B.2)
0= A\yg + k7H, (B.3)
yr = [(1 = pr)ym + pryr] + o[(1 — pr)my +prop — i + i, (B.4)
7 = kyr + B[(1 — pr)7y + prL], (B.5)
ip, =0, (B.6)

#See, for instance, Gali (2008).
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and satisfies the following two inequality constraints:

o1, < 0. (B.8)

¢, denotes the Lagrangean multiplier on the ZLB constraint in the low state:

oL = Ay, + K7L, (B.9)

We first prove four preliminary propositions (Propositions 1.A-1.D), then use them to prove
the main proposition (Proposition 1) on the necessary and sufficient conditions for the existence of

the standard Markov Perfect equilibrium.

Let
A(N) == —BApm, (B.10)
B(\) := £+ A1 - B(1 - pr)), (B.11)
C = (1;:L)(1 — Bpr + Bpw) — pr, (B.12)
D= 0Py ) - (1 pi) = -1 (B.13)
and
E()\) := AM\)D — B\C. (B.14)

Assumption 1.A: E()\) # 0.

Throughout the proof, we will assume that Assumption 1.A holds.
Proposition 1.A: There exists a vector {ym, 7y, im,yr, 71,91} that solves (B.1)—(B.6).
Proof:

Rearranging the system of equations (B.1)—(B.6) and eliminating yy and yz, we obtain two

unknowns for 7y and 77, in two equations:

AN B || 7 | |0
C D | r7
Lol 1 D —B()) 0
:[wH AND =BT | —C AN [rg]‘ (B.19)

Thus,
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AN

TH = E()\>7“E (B.16)
and B
T = E((A))rg. (B.17)

From the Phillips curves in both states, we obtain

yn = i%’; ry (B.18)
and )
yL = (1= Bpr)s” + (1_/8)(1+/BPH_/BPL))‘T,Z_ (B.19)

kE(X)

Proposition 1.B: Suppose (B.1)—(B.6) are satisfied. Then ¢;, < 0 if and only if F(\) < 0.

Proof: Notice that

(1= Bpr)s* + (1 = B)(1 + Bpr — Bpr)A
KE(X)

EQ)
T

EO)

¢r = —A

L+ K

= 210 = Bpu)R? + (1= B)(1 + Bpwr — Fp)N] + B0V

(B.20)

Notice also that 7% < 0, (1 — Bpr)k? > 0, (1 — 8)(1 + Bpy — Bpr)A > 0, and kB(A\) > 0. Thus, if
¢r, <0, then E(\) < 0. Similarly, if E(A) < 0, then ¢7, < 0.

Corollary 1: E()\) < 0 implies C' > 0 and D < 0.
Proof: Substitute equations (B.10), (B.11), and (B.13) into equation (B.14) to obtain

E(\) =B — (KX + A1 -8))C. (B.21)

Hence, C' > 0 is a necessary condition for E(A) < 0. Finally, from equation (B.13) it becomes
clear that C' > 0 implies D < 0.

Proposition 1.C: E(\) < 0 if and only if p;, < pj(0_,,).

Proof: 1t is convenient to view E(-) as a function of py and pr, instead of A for a moment.
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E(pu,pr) = BApg — T [1 —PL (1 - Bpr + Brm) —pL]

= BA\py — F[ : (1 — Bpr + Bpu — pr + Bri — BoupL) — pIL

=-T— 5PL+F[ (1+ﬁ+/8pH)+1]L+/8)‘I)H_F;H(1+5PH)

= QQPL + q1pL + qo,

where I' := % + A(1 — ) and

G = /a’ApH (14 Bp),
T —F[ (1+/8+/BPH) 1]>0,

qo 1= —Ffﬁ < 0.
OKR

This function, E(-,-), has the following properties.
Property 1: E(pg,1) >0 for any 0 < py < 1.

Proof:

E(pm,1) = —F 5+F (1+5+/BPH)+1 +B8ApH — F*(1+5PH)

=0T+ BApg >0

Property 2: E(py,pr) is maximized at p;, > 1 for any 0 < py < 1.

Proof:
aE(pHapL) _ * _
pL = 2qopy, +q1 =0
©pL = —2%
C T[E(L+ B+ Bpr) +1]
B 2rLlp
(284 (1—B) + Bpu) + 1]

= 271,{5
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These two properties imply i) one root of E(-,pr) is below 1 and ii) E(-,pr) < 0 below this root.
Let’s call this root pj (0_p, ). p}(©—p,) is given by

« —q1 + V4@ — 49290
i(0-,,) = “HEVIZAn, (5.28)

If E(A\) <0, then pr, < p}(©_,,). Similarly, if p;, < pj (0_p, ), then E(A) < 0. This completes
the proof of Proposition 1.C. Note that Proposition 1.C holds independently of whether the system

of linear equations (B.1)—(B.6) is satisfied or not.

Proposition 1.D: Suppose (B.1)—(B.6) are satisfied and E()\) < 0. Then iy > 0 if and
only if py < p};(©_p,)-

Proof:

First, notice that iy is given by

1
in =rfy + —[=puyn +puyr] + (1 —pu)7n + pure]

L —(1—Bpr)k — (1 = B)(1 + Bpu — BpL)\/k — BrpE
=TH UPH EO) T
+ (1 - pH)gg\\; rt +pH_£§\))\)rﬁ

rp BU o rf [(1—51%)1“

OR

2 n
BN o BV +K —|—)\]pH+TH. (B.29)

Since E(A) <0, i > 0 requires

oI
T RP%{ +77

((1 _UB:L)F +r% 4 >\> p — T E) > 0

T 1-— r 1-—
& rz%pﬂ + [rz <( flfL) + K2+ )\> — BN+ rylp U:L DPH

+rp T <1 ;fL (1= Bpr) - pL> > 0. (B.30)

Dividing both sides by I' and by —r%, we obtain
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_ _ "L
O'H}pH oK + 1‘\ pH
1 —pr Y
- 1 - —pr| >0
——(1=Pp) —pr 7
(B.31)
Let
P(pu) := dapFr + d1pm + do, (B.32)
where
1—pL Y
= 1- - — B.33
%o o (1-8pr) —pL R ( )
(1 —6pL)+(1—pL)B’;—§ K24 (1 _5%{)’\
¢ = — - - T , (B.34)
=L 0 B.35
¢2 = _R < 0. ( . )

Property 1: ¢g >0

Proof: Notice that iz = r}; > 0 when pg = 0. Since E()\) < 0, the sign of iy is the same as the
sign of (;Sgpfg + ¢1pg + ¢o. Thus, ¢pg > 0. This completes the proof of Property 1.

o > 0 and ¢9 < 0 imply that one root of (B.32) is non-negative and ig > 0 if and only if py is

below this non-negative root, given by

=1 — T — 4¢0¢2. (B.36)

Pir(Opy) = 5

This completes the proof of Proposition 1.D.
With these four preliminary propositions (1.A-1.D), we are ready to prove our Proposition 1.

Proposition 1: There exists a vector {ymg, 7y, im,yr,7r,ir} that solves the system of
linear equations (B.1)—(B.6) and satisfies ¢;, < 0 and iy > 0 if and only if p;, < p}(©_,,)
and py < pj(©_py,)-

Proof of “if” part: Suppose that pr, < pj(©_,,) and pg < p};(©—p, ). According to Proposition
1.A there exists a vector {ym, g, im, YL, 71, i1} that solves (B.1)—(B.6). According to Propositions
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1.B and 1.C, E()\) < 0 and ¢, < 0. According to Proposition 1.D and the fact that E(\) < 0,
ig > 0. This completes the proof of the “if” part.

Proof of “only if” part: Suppose that ¢ < 0 and iy > 0. According to Proposition 1.A there
exists a vector {ym,7m,im, YL, 7L, i1} that solves (B.1)—(B.6). According to Propositions 1.B and
1.C, E(A\) < 0 and pr, < p}(©_p,). According to Proposition 1.D and the fact that E(\) < 0,
pH < pi(©_p, ). This completes the proof of the “only if” part.

B.2 Proof of Proposition 2

Proposition 2 characterizes the sign of inflation and output in both states. Using i) the restriction
on E()) (i.e. E(X) <0),1ii) r} <0, and iii) inequalities on A(X), B()), C, and D given by equations
(B.10)—(B.13), it is straightforward to check that:

AN

Ty = Emrz <0, (B.37)
T = _]g(;))rg <0, (B.38)
yr = ’%’?ﬂl)’ >0, (B.39)

and

- 2 - - by
gy = — L= BpL)s +(1/<;E@<)1+6PH B n (B.A40)

Inflation and output are negative in the low state. Inflation in the high state is negative, which is
what we call deflation bias. Positive output in the high state is consistent with negative inflation

in the high state and the optimality condition of the central bank.

B.3 Proof of Proposition 3

Proposition 3 characterizes how A affects inflation and output in both states. In so doing, we make

use of Corollary 1.
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ory

ANEQ) - ANE (V)

n

on

_ —Bpu) (1= B+ Bpu) + Bpu (v° + (1 = B+ Bpu) A)

~EQ?

E(V)? i

B'(\) — A(N)B(\)
E(N)?

A(N)

n
CTL

E()\)Q CT‘L

Bprk?

Cry <0, (B.41)

where A’(\) and B’()) denote the partial derivatives of A(-) and B(-) with respect to A.

Oyn B

or,  —B'(NEX) +BWE(N)

an E(\)? "L
_ANBA) —ANB' (N

a E(N)?

2

Dr?

_ Bpuk
E(X)?

= Dt <0 (B.42)

_6ﬁpHEl()‘) n

ox

_ BrpH (A'(\)D

oYL B

 E(\)?

(1—8)(1 = Bpr + Bpu)EN) —

ENE T
— B(\)C)
E(\)?

[Bpr — (1= B)Clri

= (1= ) (2

L

Bkpu

_ Bkpm

E)?

(1—Bpr + Bpu) — PL)] T (B.43)

(1= BpL)r* + (1 — B)(1 = Bpr + Bpa)A) E'(A)

o

(1—B8)1 = Bpr + Bpu)(AN)D — B( )C

L)
KE())

K
2 L
)

(1= Bpr)w* + (1 = B)(1 = Bpr + Bpr) ) (A'(N)D = B'(\)C)

KE(X)?

BrpH
=B @

—B)C+ (1 —BpL)lry <0

KE(\)?2 L

(B.44)
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B.4 Proof of Proposition 4

Proposition 4 states that welfare is maximized at A = 0.

Society’s unconditional expected value is given by

1 1—pL PH

EV()N) = u(my, + ——— u(7r, . B.45
N 1-p8 [1—pL+pH (e y) 1 —pL+pu (me. ) (B.45)
To show that E[V(A)] is maximized at A = 0, we show that
OEV())
B.4
B <0 (B.46)
for all A > 0.
The derivative of the unconditional expected value is given by
OBV 1 [ 1—pr  Ou(m,yn) pH 3“(7TL,yL)] (B.AT)
oN 1= |1-pr+pu O 1—pr+py  OA ' '
The partial derivatives of society’s utility are given by
ouw(rg,yun) O 1< 9 9
ax T on 5(/\?/H(>\) + 7 (A)7)
__ (xBpa e (_BreaEN) W AQ) L ANEQ) — ANED)
E(\) * EN? )BT E(A)? t
__ABRPPHE () + AP EN) = NXBPpHE () o
- E()\)?’ (TL)
_ BPEY 5 ny2
- E(/\)3 ()‘E ()‘) + )‘C) (TL)
B2k2p2, - .
= E(A)gf (X (Bpr — (1= B)C) + AC] (r})>. (B.48)

Note that we have already shown that the sign of the first term in square brackets, Spg — (1 —3)C,

determines the sign of ag—f. If Bpg — (1 — B)C > 0, then ag—/{’ > 0 and, applying Corollary 1, we

have % < 0. If instead Bpy — (1 — B)C < 0, then the sign of % is ambiguous.

8u(7rL,yL) L 8 [_1

tt) . 2 |- w2 w02

— o (X101 B+ (1= )1+ s = Bpu)N][(1 = YC + (1= )]
o [ 01 = (0= pa))] (1+€) ) 02
= gg;’s (A1 (N) + @2(N)) (r})? <0, (B.49)

where
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By(N) = By + Bo), (B.50)

Do(N) := Do + Dy, (B.51)
and
@y := (1 - Bpr)k*[(1 = B)C + (1 - Bpr)] >0, (B.52)
®19:= [(1-B)C+ (1 —Bpr)](1 = B)(1+ Bpu — BpL) > 0, (B.53)
By := k(1 +C) >0, (B.54)
By := k(1 — B(1 —py))(1 +C) > 0. (B.55)
Hence,

BKpi
N TPVE

OEV  (1—B)"1(r})? B

B = (o
(1—8)"'8pF(r})?
(1 —pr +pu)EN)?

A (8pis — (1= B)C) + AC] + pupts (V1 (1) + () )

(Br%(1 = pr) [A(Bpr — (1 = B)C) + AC] 4 (A®1(A) + ®2(N))) . (B.56)
Let
Q) = Br*(1 = pr)(Bpr — (1 = B)C)A+ BE*(1 = pL)CA + M P11 + 12A) + Po1 + PooA. (B.5T)

If Q(A) > 0 for all A > 0, then BE(?L)\(/\) < 0 for all A > 0. Notice that €'()\) is positive since the
coefficients on A are all positive. Thus, we only need to show ©(0) > 0 to show that Q(A\) > 0 for
all A > 0.

Q(0) = Br*(1 — pr) [Bor — (1= B)CIA + APy 1 + Doy
= [B&*(1 = pr) [Boar — (1 = B)C] + 11| A + P21
= [B2:*(1 = pr)pm + (1 = B)*K2C + (1 = BpL)*w?] A + £ (1 + C) > 0, (B.58)

given that C' > 0 for the equilibrium to exist (see Corollary 1) and A > 0. This completes the proof.

C Proofs related to Section 4

In this section, we will provide details of the proofs for the propositions stated in Section 4 in the

main text.
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C.1 Proof of Proposition 5

If the central bank’s objective function is modified to allow for a constant output gap/inflation

target and/or for a constant linear output gap/inflation contract

u“B (1, y) = —% [(TFt — )+ A (g — fOT)z} + frem + focy (C.1)

then the system of equilibrium conditions under optimal discretionary policy is given by

T = Ky + BEi T (C.2)
Y = Eyyir1 — o (ig — Eympgr — 17) (C.3)
0 =i (A\ys + £ — w) (C.4)
i >0 (C.5)
0> Ay + Ky — w, (C.6)

where w := kfrr + AMor + kfic + foc. Let w be equal to some @ > 0. It is straightforward
to verify that the four regimes (frr = @/k; for, fic, foc = 0), (for = @/X; fir, fic, foc = 0),
(frc = @/k; frr, for, foc = 0) and (foc = @; fir, for, fic = 0) are isomorphic to each other.

C.2 Existence of standard Markov-Perfect equilibrium under a constant linear

inflation contract

If the monetary authority’s mandate is modified to include a constant linear inflation contract, the

central bank’s period objective function is given by

1 -
uCP (my, ) = D) (Wf + Ayf) + fiem (C.7)

where fro > 0 is a parameter characterizing the linear inflation contract.
The standard Markov-Perfect equilibrium is given by a vector {yp, 7, i1, yr, 71, i1} that solves

the following system of linear equations

ya = [(1 = pu)yn +pryr) + o[(1 — pu)ma + pamr —in + 1), (C.8)
mi = kym + B(1 — pr)mw + pamL), (C.9)

0= Ayu + (7u — f10), (C.10)
yr = [(1 = pr)yu + pryr] + o[(1 — pr)wm + pomr —ip + 7], (C.11)
w1 = kyr + B[(1 — pr)ww + prmel, (C.12)
ir =0, (C.13)

and satisfies the following two inequality constraints:
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ig >0, (C.14)
oL <0. (C.15)

¢1, denotes the Lagrangean multiplier on the ZLB constraint in the low state:

oL = ML + k(1L — fro) - (C.16)

Proposition: There exists a vector {yy, 7y, im,yr, 7,0} that solves the system of lin-
ear equations (C.8)—(C.13) and satisfies ¢, < 0 and iy > 0 for any fic € [0, fic) if

pr < p;(©-p,) and pg < pj(©_,, ), Where frc = — (1 +(1- B)%) ry > —r}.

This proposition states that the equilibrium existence conditions provided for the case f;o = 0 are
sufficient for any f;c € [0, f1c).
Proof:

Rearranging the system of equations (C.8)—(C.13) and eliminating yz and yz, we obtain two

unknowns for 7y and 77, in two equations:

AN BV T, | | KA
C D T B r7
| 1 | D -BO || &fic
. CEN) | —C A ! i ] (G17)

where A(-), B(:),C, D and E(-) are defined in Equations (B.10) - (B.14).

Thus,
TH = _E?;\)WQJCIC + 22;; ry (C.18)
and D B(X
T = m/ﬁ?f]o — EE/_\; Tz. (Clg)

From the Phillips curves in both states, we obtain

_(1-B)C
YH = Pru E<(5\) A) kfrc + f;(%’rz (C.20)

and

_Bpr—1-(1-p)C
a E(})

kfrc

(1= Bpr)s* + (1;E5()(1+BPH_ﬁpL)5‘r” (C.21)

) L
Suppose (C.8)—(C.13) hold. Consider ¢y, :
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fro— (2 + (1= Bpr + Bpu)A) (K* + (1= B)A) i (C.22)

&%+ (1 — Bpr + Bpu)A
A K2E(N\)

LT ()

Notice that r < 0 and, from Proposition 1, E(A) < 0. Thus, ¢, < 0 if and only if fic < frc.

Finally, notice that from Proposition 1.C E(A) < 0 if and only if p} < (©_,,).

Next, consider iz7. We know from Proposition 1.D that given f;c = 0 and E(\) < 0, iz > 0 if and
only if py < pj(©_p,).

2 _BN(1 —
/iffc—%{ (v°+ (1 5)H)E((15\) Bpr + 5PH)7R%
(C.23)

iy = CAPH 2, K2 H A, pu 1= Bpr+ Bpu
A=) T E) Y o EN)

Notice that

EOV) K+ EOV)

8iH _ <C+pH
ofrc

Hence, ig > 0 if pg < p3(0_,,,) for all frc € [0, fic).

le_ﬁporﬁpHn) > 0. (C.24)

C.3 Proof of Proposition 6

(i) There exists a linear inflation contract with fic = fY, where 0 < f% < fic, that replicates

the discretionary equilibrium under the optimal inflation conservative central banker.

Proof:
Let fP- =: {frc|ru = 0}. Using Equation (C.18), one obtains f9, = —’%‘55 r7 > 0.

Substituting f?, for fr¢ into (C.19), (C.20), (C.21), we obtain mp, = érz, YH = —%r%, and

= l_fé’ Lp7. It is then straightforward to verify that these policy functions are identical to those

under the optimal inflation conservative central banker.
Finally, in (ii) we show that f}n < fjo < frc and therefore i < frc.

(ii) Welfare under the optimal linear inflation contract is strictly larger than welfare under the

optimal inflation-conservatism regime, and the optimized contract parameter f;. satisfies f?c <

fic < fic.

Proof:
We first show that the welfare measure E(V') improves for a marginal increase in f7¢ conditional

on frc = f?c¢
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DE(V)

_ 40
ofic |(fre = fic)
= OO (42 (1= ) puC + (5 + B = pr)pmd + (1= Fpu ) pir) =L > 0.
1 —prL+pu CE())
(C.25)
The optimal linear inflation contract satisfies
_ CB CB
ofiC  1-=8[1-pL+pu dfic 1-pL+pu dfic
Solving for the optimal contract parameter f7.
Jro = — L (C.27)
den
where
K2+ (1—B)2N\) (k2 + (1 — BpL + A
f;um:( (1-6)*)) ( . ( pL + Bpm) )pHC
24+ (1-B)A) (k2 +(1 - 1— A -
n (K2 4+ (1= B)A) (k> +( - Bpr + Bpr)(1 — Bpr) )pH+ﬁ2p§{>\, (C.28)
fien = (K> + (1= B)*X) 2pa + (1 — pL + pu)C) C + (v* + (1 — BpL + Bpu) (1 — BpL)X) pu
— (1 - B)BPHEA. (C.29)

In order to show that f7, < frc, note that

1> f;C/fTIC <~ (’{2 + (1 - B)S‘) f;lken - ’{Qf;:um > 0.

After some algebra:

(52 + (1= B)A) fion — K2 from = — (2 + (1 = B)?X) (par + (1 — pr + pr)C) E(A) > 0. (C.30)

(iii) The discretionary equilibrium under the optimal linear inflation contract features strictly pos-

itive inflation in the high state, wg > 0.

Proof:
Note that

K= >0 (C.31)
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for all frc. Since wy = 0 for fio = ijC? mg > 0 for any fro > f?c. This completes the proof.

C.4 Comparative statics

We have already shown that g};’é > (. Furthermore,

Ofrc E())
Oy _ By — (1= H)C

> 0, (C.32)

ohe = , (C.33)
dyr _ Bpr—1—-(1-p)C
ofrc EOY k>0, (C.34)

where g}/—l’é > 0 if and only if Bpy — (1 — B)C < 0. This is the same condition that is necessary and
sufficient to ensure that under inflation conservatism a marginal reduction in the central bank’s

relative weight on output stabilization A raises output in the high state.

D Numerical illustration for the two-state model

Table 4: Parameterization (Two-state shock model)

Parameter Value  Economic interpretation

B 0.99 Subjective discount factor

o 0.5 Intertemporal elasticity of substitution in consumption
i 0.47 Inverse labor supply elasticity

0 10 Price elasticity of demand

Q@ 0.8106 Share of firms per period keeping prices unchanged

ri x 400 4.04 Natural real rate in the high state

r7 x 400 -5.00 Natural real rate in the low state

PH 0.02 Frequency of contractionary demand shock

Pr 0.875  Persistence of contractionary demand shock

This section provides a numerical illustration of the analytically derived properties of the two
state model using specific parameter values. The exercise is not meant to assess the quantitative
relevance of the analytical results established in sections 3 and 4 of the main manuscript but merely
aims at visualizing them. The structural parameters are calibrated using the parameter values from
Eggertsson and Woodford (2003), as listed in Table 4. The frequency of the crisis shock is chosen
so that the ZLB episode occurs once every 12 years, on average. In the majority of the papers who
have adopted this framework, py is assumed to be zero. The persistence of 0.875 means that the

expected duration of the crisis is two years.
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Figure 1: Inflation conservatism - Qutput gap, inflation, and nominal interest rate

High State

Low State

Output Gap
(%)

3
g%
55
£ e
C
<
9
g/.\
o S . i
£ 3 ; ;
22175 . 0 ;
—_ > 1 1
© S 1 1
;g 1 ‘ i ‘ ‘ 1 ‘ i ‘ ‘
g 0 1 2 3 4 0 1 2 3 4
A x107° A x107°

Note: The figure displays how the output gap, the inflation rate, and the nominal interest rate in both states vary

with X. The dash-dotted vertical lines indicate society’s weight, .
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Figure 1 shows how the output gap, inflation, and the nominal interest rate in both states vary
with the weight on output stabilization A when the inflation contract parameter fro is set equal
to zero. The dash-dotted vertical lines show society’s weight, A. Consistent with Proposition 2,
output and inflation in the high state are positive and negative, respectively, for any A. The nominal
interest rate is below the natural rate of interest, which is 4 percent. In the low state, output and
inflation are negative, and the nominal interest rate is zero. Consistent with Proposition 3, as A
decreases (i.e., as the central bank becomes more conservative), the deflation bias in the high state
is reduced. This comes at the cost of a higher positive output gap in the high state, but a smaller

deflation bias in the high state mitigates the decline in inflation and output in the low state.

Figure 2: Welfare effects of inflation conservatism
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Note: The figure displays how welfare varies with A in the two-state shock model. The dash-dotted vertical lines

indicate society’s weight, .

The benefits of the smaller rate of deflation in the high state and larger output and inflation
in the low state dominate the negative effect of a larger output gap in the high state. Accordingly,
welfare increases with the degree of conservatism, as shown in Figure 2. Consistent with Proposition
4, the optimal weight is zero.

Next, we apply the numerical example to the linear inflation contract. Figure 3 shows how
the output gap, inflation, and the nominal interest rate in both states vary with the contract
parameter frc when the central bank’s weight on output stabilization A is set equal to society’s
weight on output stabilization A\. The dashed vertical lines indicate f?c, the value of the inflation
contract parameter for which the contract replicates the optimal conservative central banker. The

solid vertical lines indicate fj., the optimal value for the contract parameter. Consistent with
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Figure 3: Inflation contract - Output gap, inflation, and nominal interest rate
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Note: The figure displays how the output gap, the inflation rate, and the nominal interest rate in both states vary
with frc. The dashed vertical lines indicate the inflation contract parameter fP- for which the contract replicates
the the conservatism regime with A\ = 0. The solid vertical lines indicate the inflation contract parameter f;o for

which society’s welfare is maximized.
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Proposition 6, inflation in the high state is strictly positive under the optimal linear inflation
contract. Consistent with Appendix B, output and inflation in both states are strictly increasing in
frc.?* Finally, Figure 4 illustrates how society’s welfare varies with f;c. The dashed vertical line
earmarks the contract parameter value f?c for which the contract replicates the the conservatism
regime with A = 0, and the solid vertical line earmarks the contract parameter value f;. for which

society’s welfare is maximized. Consistent with Proposition 6, f;- > f?c.

Figure 4: Welfare effects of the inflation contract
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Note: The figure displays how welfare varies with frc in the two-state shock model. The dashed vertical line indicates
the inflation contract parameter f2, for which the contract replicates the the conservatism regime with A = 0. The

solid vertical line indicates the inflation contract parameter fio for which society’s welfare is maximized.

E Policy problem in the quantitative model

Each period t, the generic discretionary central banker maximizes his objective function from period
t onwards, taking the decision rules of the private sector and of future central bankers as given.
We consider stationary Markov-perfect equilibria. In the baseline variant of the model, the vector
of state variables s; consists of the natural real rate shock 7, the price mark-up shock w, the
composite real wage rate of the previous period w;_1 and the inflation rate in the previous period

m;—1. The policy problem reads

24Note that the parameter calibration satisfies the necessary and sufficient condition which implies that output in
the high state is strictly increasing in frc, Bpa — (1 — 3) (%(1 — BpL + Bpu) — pL) < 0.

35



VCB<St)

"(

1

=max —3 [)\,T(m - Tp71't_1)2 + A2 + A (m)Y — Twm_l)Q] + fm + BEtVCB(sHl)

+ ¢fC'P [Wt — Tp7Tt_1 — Hp <1

i ¢PCW [ W o T — K ((U—l + 127> Y — wt) — B(Etﬂ'w(st+1) — Twm)]

+ Qﬁ;ﬂ [W;/V — (U}t — ’wt_l) — 7Tt]
+ 01 [y — Bey(se41) + 0 (it — Bym(spg1) — 17)]
+ ¢7LB;,

. St wt) = B(Em(stq1) — 1pme) — Ut]

taking into account the laws of motion of the exogenous shocks. The functions VB (s, 1), m(st41),
st+1) and y(sy4+1) are the central banker’s continuation value, the rate of price inflation, the
rate of wage inflation and the output gap that the central banker expects to be realized in period

t + 1 in equilibrium, contingent on the realizations of the exogenous shocks in period ¢ + 1.

The consolidated first-order conditions are

Tt — TpTt—1 — f - Tpﬁ(EtW(StH) - Tpﬂ-t) + TpBEt¢PCP(St+1) - TwBEt¢w(St+1)
_ (1 b7 — ﬂaEtW(StH)) PCP | <5Ety(5t+1) +03Et7T(8t+1)> Is

omy omy omy

(s = 2B L)) (gl — ) = ) + o =0 (E.1)
S5 o (- 525 e (B OBt 1
(= 0 2E L)) (Rl — ) - ) — ot =0, (®2)
Ayt + kg j PCP 4 ko < + 12) O (7l = 7)) — ) = ¢!, (E.3)
¢1Si, = 0, (E.4)
i >0, (E.5)

5 <o, (E.6)

and the behavioral constraints of the private sector.

F Computational algorithm to solve the quantitative model

We approximate the policy functions with a finite elements method using collocation. For the basis

functions we use cubic splines. The algorithm proceeds in the following steps:

1. Construct the collocation nodes. The nodes are chosen such that they coincide with the
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spline breakpoints. Use a Gaussian quadrature scheme to discretize the normally distributed

innovations to the exogenous shocks.
2. Start with a guess for the basis coefficients.

3. Use the current guess for the basis coefficients to approximate the partial derivatives of the
expectation terms with respect to the endogenous state variables evaluated at the collocation

nodes.

4. Approximate the expectation functions for price inflation, wage inflation, output, and the
Lagrange multipliers on the New Keynesian price Phillips curve and the equation relating

price and wage inflation, using the same quadrature scheme as in step 3.

5. Solve the system of equilibrium conditions for price inflation, wage inflation, output, the real
wage rate, the policy rate and the two Lagrange multipliers at the collocation nodes, assuming
that the zero lower bound is not binding. For those nodes where the zero bound constraint
is violated solve the system of equilibrium conditions associated with a binding zero bound

constraint.

6. Update the guess for the basis coeflicients. If the new guess is sufficiently close to the old
one, proceed with step 7. Otherwise, go back to step 4.

7. Check whether the new set of partial derivatives based on the updated basis coefficients is
sufficiently close to the previous ones. If this is the case, you are done. Otherwise, go back

to step 3.

We use MATLAB routines from the CompEcon toolbox of Miranda and Fackler (2002) to obtain
the Gaussian quadrature approximations of the innovations and to evaluate the spline functions.

For a more detailed exposition of the computational algorithm see Schmidt (2016), Appendix
D.

G A liquidity trap scenario in the quantitative model

This section shows how the choice of the monetary policy regime affects the behavior of the economy
in a liquidity trap situation. Figure 5 depicts the equilibrium dynamics in the baseline version of the
quantitative model when the economy is buffeted by a large negative natural real rate shock that
temporarily drives it away from the risky steady state. We consider the benchmark discretionary
regime (solid black lines), the optimal inflation conservatism regime (blue dashed lines) and the
optimal inflation contract regime (red dash-dotted lines). Under all regimes the central bank lowers
the policy rate to zero where it stays for several quarters. At the same time, there is a pronounced
increase in the gap between the real interest rate and the natural real rate. This gap acts as
a drag on aggregate demand and pushes down output, price inflation and wage inflation. The

decline in output and inflation is most severe under the benchmark discretionary regime. Inflation
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Figure 5: Liquidity trap scenario in the baseline quantitative model
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Note: The figure displays impulse responses to a negative natural real rate shock for the baseline quantitative model.
Inflation rates and interest rates are expressed in annualized percentage terms. Output and the real wage rate are
expressed in percentage deviations from the deterministic steady state. The real interest rate gap is defined as the

discrepancy between the real interest rate and the natural real rate of interest.

conservatism improves stabilization outcomes in the liquidity trap situation. Interestingly, the
conservative central bank keeps the policy rate at its zero floor for longer than the benchmark
central bank does, reflecting the fact that inflation conservatism makes the policy rate more elastic.
Importantly, the deflationary bias away from the ZLB is smaller if the central bank is conservative
than if the central bank has the same preferences as society. The private sector’s anticipation of
a more muted deflationary bias under the conservative central bank results in a smaller ex-ante
real interest rate gap at the ZLB and, consequently, less severe declines in output and inflation.
The drop in output and inflation at the ZLB is even smaller under the optimal inflation contract
regime. The latter aims to stabilize inflation at a strictly positive level, which further improves
private sector expectations.

Figure 5 shows the equilibrium dynamics for the same liquidity trap scenario in the quantita-
tive model with partial indexation of prices and nominal wages to past inflation. The decline in
output, price inflation and nominal wage growth in response to the natural real rate shock is more
severe than in the baseline model variant, and the differences in stabilization outcomes between the
benchmark discretionary regime and the two delegation regimes becomes more distinct. In contrast
to the baseline model, in the model with partial indexation the inflation conservative central bank
lifts the policy rate from the lower bound three quarters earlier than the benchmark central bank,
that is, the positive general equilibrium effects that lead to a smaller deflationary bias more than

offset the effect of the higher policy rate elasticity on the equilibrium policy rate path.
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Figure 6: Liquidity trap scenario in the quantitative model with partial indexation
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Note: The figure displays impulse responses to a negative natural real rate shock for the model variant with partial
price and wage indexation. Inflation rates and interest rates are expressed in annualized percentage terms. Output
and the real wage rate are expressed in percentage deviations from the deterministic steady state. The real interest

rate gap is defined as the discrepancy between the real interest rate and the natural real rate of interest.

H Robustness analysis for the quantitative model

H.1 Parameters

This section examines the sensitivity of the welfare results obtained for the baseline model with
natural real rate and price mark-up shocks to some key parameters: the subjective discount factor
0, the interest rate elasticity of consumption o, and the degree of nominal price and wage rigidities
« and ap. All other parameters are calibrated according to the baseline parameterization of the
quantitative model. We focus on the comparison between the benchmark discretionary regime and

the optimal conservative regime. Table 5 reports the results.

Table 5: Inflation conservatism vs. benchmark regime for alternative parameter values

Baseline Lower 8 Higher ¢ Lower «, aw
Parameter value(s) 0.9932 1 0.68
A 0.0103 0.0103 0.0097 0.0142
Optimized A 0.002 0.003 0.0015 0.001
Welfare gain (in %) 27 13 43 48

Lowering the discount factor to 0.9932 increases the annualized deterministic steady state real
interest rate to 2.74%. The larger steady state buffer to the ZLB implies that the ZLB constraint is

ceteris paribus binding less often. Consequently, the welfare gains from inflation conservatism are
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smaller than for the baseline calibration. A higher interest rate elasticity of output o increases the
contractionary effect of a given positive gap between the actual real interest rate and the natural
real rate. Increasing o from 1/1.22 to 1 thus raises the welfare gains from inflation conservatism and
reduces the optimal weight in the central bank’s objective function on the output gap term. Finally,
more flexible prices and nominal wages ceteris paribus heighten the decline in output and inflation
in a liquidity trap (e.g. Werning, 2012) and increase the deflationary bias in those states where
the ZLB is not binding. Therefore, the welfare gains from inflation conservatism increase with the
degree of price and wage flexibility, and the optimal relative weight on output gap stabilization in

the central bank’s objective function becomes smaller.

H.2 Model with wage mark-up shocks

This section reports results on optimized delegation parameters, welfare, and the frequency of ZLB
events for the quantitative model when the price mark-up shock is replaced with a wage mark-
up shock. Specifically, u; is dropped from the New Keynesian price Phillips curve and the New

Keynesian wage Phillips curve is augmented with an ¢.7.d. shock e;

™ = TuTi1 = K <<a_1 + &) Y — wt) + BBy — Twm) + e, (H.1)

where the standard deviation of e; is set to 0.05. All other parameters are calibrated according
to the baseline parameterization of the quantitative model. Table 6 reports the results for the

alternative monetary policy regimes.

Table 6: Results for the quantitative model with wage mark-up shocks

Regime Optimized policy Welfare Welfare gain over ZLB frequency
parameter (benchmark) (in %)  benchmark (%) (in %)

Benchmark discretion - -0.073 0 30

Inflation conservatism A =0.003 (0.01) -0.050 32 34

Inflation contract f=0.20 (0) -0.027 63 25

Wage inflation conserv. Ar=5(1) -0.030 59 31

Note: The non-optimized policy parameters have the following values. Benchmark discretion: Ar = 1, A = 0.010,
f = 0. Inflation conservatism: A = 1, f = 0. Inflation contract: A = 1, A = 0.010. Wage inflation conservatism:
A =0.003, f =0.

The results are qualitatively very similar to those obtained for the baseline model with price
mark-up shocks. The only exception is the wage inflation conservatism regime (3rd row of the
table). In the baseline model with price mark-up shocks it is desirable to reduce the relative weight
on price inflation stability in the central bank’s objective function conditional on setting the relative
weight on output gap stability equal to its optimized value. Instead, in the model with wage mark-

up shocks it is desirable to increase the relative weight on price inflation stability in the central
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bank’s objective.?’ Hence, the desirability of wage inflation conservatism observed for the baseline

model is sensitive to the type of shocks buffeting the economy.

I Comparison of inflation conservatism to price-level targeting

In the main manuscript, we have focused our analysis on institutional configurations of the central
bank’s objective that prevail the (flexible) inflation-targeting framework currently common to all
major central banks in practice. This section compares the inflation conservative central banker to a
central banker who aims to stabilize the price level p; = p;—1 + 7. Eggertsson and Woodford (2003)
have shown that a central bank that can commit to a targeting rule that requires to stabilize a
weighted sum of the price level and the output gap (subject to the ZLB constraint) achieves a welfare
level that is close to the one obtained under the optimal commitment policy. Here, we consider the
desirability of price-level targeting (PLT) in the context of optimal discretionary policies. We use the
quantitative model, where the parameters are calibrated according to the baseline parameterization
of the model summarized in Table 1 of the main manuscript. To economize on the number of state
variables, we abstract from price mark-up shocks and drop u; from the New Keynesian Phillips
curve.
The objective function of a discretionary central bank with a price-level target reads as follows
VEP =~ [(1= %) (= + 392 + S (el ) + M) + BEVEE, (L1)
where A, € [0,1]. For A\, = 0, the central bank’s objective is identical to society’s objective. For
Ap = 1, the central bank is only concerned with the stabilization of the expected discounted sum

of current and future price levels. Table 7 summarizes the results.

Table 7: Results for inflation conservatism vs. price-level targeting

Regime Optimized policy Welfare ZLB frequency
parameter (in %) (in %)
Benchmark discretion - -0.052 31
Inflation conservatism A=0 -0.015 31
Price-level targeting w=1 -0.003 17

Strict PLT, i.e. A\, = 1, turns out to be the optimal configuration. Welfare under the strict
PLT regime is higher than under the inflation conservatism regime. In light of the analysis by
Eggertsson and Woodford (2003) this result is not too surprising. Augmenting the objective of a
discretionary central bank with a price-level target induces a desirable form of history dependence
into the policymaking process. In particular, if today’s inflation rate is too low and the price level

falls below its target then the central bank needs to engineer higher inflation in the future to bring

25The optimal value for A, reported in Table 6 is a corner solution since we put an upper bound of 5 on the grid
for .
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the price level back to its target path. Forward-looking agents thus anticipate that a liquidity trap
event with low inflation will be followed by a transitory inflationary boom. Expectations of high
inflation in the future lower the ex-ante real interest rate and mitigate the decline in output and
inflation at the ZLB.

This is illustrated in Figure 7 which shows impulse responses to a large negative natural real rate

shock when the economy is initially at the risky steady state. Under strict PLT (red dash-dotted

Figure 7: Impulse responses to a contractionary natural real rate shock
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Note: The figure displays impulse responses to a negative natural real rate shock. Inflation rates and interest rates
are expressed in annualized percentage terms. Output and the real wage rate are expressed in percentage deviations
from the deterministic steady state. The real interest rate gap is defined as the discrepancy between the real interest

rate and the natural real rate of interest.

lines), output, price inflation and wage inflation fall much less than under the benchmark regime
(black solid lines) and the inflation conservative regime (blue dashed lines), and the downturn is
followed by a temporary boom in output and inflation. Similar to the inflation conservative central
banker that focuses only on inflation stabilization, PLT eliminates the deflationary bias away from
the ZLB.

J Existence of other Markov-Perfect equilibria in the two-state

model

While the paper focuses on the standard Markov-Perfect equilibrium in which the ZLB constraint
binds in the low state but not in the high state, there are potentially three other types of Markov-
Perfect equilibria: i) one in which the ZLB constraint binds in both states (the deflationary Markov-
Perfect equilibrium), ii) one in which the ZLB constraint does not bind in both states (the ZLB-free
Markov-Perfect equilibrium), and iii) one in which the ZLB binds in the high state but not in the
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low state (the topsy-turvy Markov-Perfect equilibrium). In this section, we examine whether and
under what conditions any of these other types of Markov-Perfert equilibria exist. Our main results
are that i) the conditions for the existence of the deflationary Markov-Perfect equilibrium are the
same as those for the existence of the standard Markov-Perfect equilibrium and ii) the other two

types do not exist under any parameter conﬁgurations.26

J.1 Existence of the deflationary Markov-Perfect equilibrium

The deflationary Markov-Perfect equilibrium is given by a vector {ym, 7, im, yr, 71,91} that solves

the following system of linear equations

yu = [(1 = pr)yn + puyr] + o[(1 — pa)mu + pamr —ig + 7], (J.1)
mw =ty + B(1 — pu)mm + pumr), (J.2)
ig =0, (J.3)
yr = [(1 —pr)yw + pryr] +o[(1 — pr)wy + prmr —ip + 1], (J.4)
71 = kyr + B[(1 = pr)mm + prwL], (1.5)
ir, =0, (J.6)

and satisfies the following two inequality constraints:

¢or <0. (J.8)

¢y and ¢ denote the Lagrangean multipliers on the ZLB constraint in the high state and in the

low state:

bu = A\ym + KTH, (1.9)
o1 = Ny, + k7. (J.IO)

The following proposition states that the conditions for the existence of the deflationary Markov-
Perfect equilibrium are identical to the conditions for the existence of the standard Markov-Perfect

equilibrium.
Proposition 7: The deflationary Markov-Perfect equilibrium exists if and only if

pL < pL(Op)),
PH < (O pi));

26There is a continuum of sunspot equilibria which may randomly move between the standard and deflationary
Markov-Perfect equilibria. Characterizing the conditions for the existence of such sunspot equilibria is outside the
scope of the paper.
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where the cutoff values p7 (0 (_,,)) and p};(©(_p,,)) are defined by (B.28) and (B.36) in Appendix

A. We first prove six preliminary propositions, then use them to prove Proposition 7.

Let

= PH
A=— (21— J.11
(M( ﬁpLJrﬁpH)erH), (J.11)
B:=-A-1, (J.12)

and
E:= AD — BC

__dtoc, (1.13)

where C' and D < 0 are defined in (B.12) and (B.13).
Assumption 7.A: E # 0.
Throughout the proof, we will assume that Assumption 7.A holds.
Proposition 7.A: There exists a vector {yy, 7w, im,yr, 7,71} that solves (J.1)—(J.6).
Proof:

Rearranging the system of equations (J.1)—(J.6) and eliminating yy and yr, we obtain two

unknowns for 7y and 77, in two equations:

A B ™| T
¢ D||xg | |
N A A (J.14)
TH -C A ’l“z
Thus,
A C
Ty = =17 — =1} J.15
Hi=ETL S =T (J.15)
and .
-B D
= —1r7 4+ =1, J.16
L=t 2 (J.16)

From the Phillips curves in both states, we obtain

(=54~ ppn . (1L=H)C~ Pou ,

_ = J.17
kE L kFE ( )

YH =
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and

(=A+ (= Bpr) ,  (L=HC+ (= Bpr) (1.18)

L= kE kE

Proposition 7.B: Suppose (J.1)—(J.6) are satisfied. Then ¢; < 0 only if E > 0.

Proof by contradiction:
First, notice that
1 A A ~ A ~ A
61 = % |1+ Crly — (1 = BIC2rty — (1= Bpo) vty + (1 Ar + 21— B)Ar + 21 = Bpw)r |
(J.19)
Suppose that E < 0. From the equation above we know that, given E <0, ¢, <0 if and only
if

A A . A ~ A
(O~ (L B)C 2y~ (1= Bp) 4 (L Ay + (1= ) A+ 2 (1 Bpu)r > 0. (1.20)
Collecting terms, this condition can be simplified to

(/{ + %(1 - ﬂpL)> (14 A)rf — (1 +C)ry] > 0. (J.21)

From (J.13), we know that E < 0 if and only if C' < A, where A < 0. Furthermore, from (B.12)
we know that C' > —1. Suppose C' — —; then A > —1, which proves that (J.21) cannot hold.

Proposition 7.C: Suppose (J.1)-(J.6) are satisfied and E > 0. Then ¢ <0 if ¢p < 0.
Proof: This follows directly from noticing that

K2+ A " n
¢L :¢H+ HE (T'L—T'H). <J22)

Proposition 7.D: Suppose (J.1)—(J.6) are satisfied and £ > 0. Then ¢y < 0 if and only
if pg < p}}(@,pH).

Proof:

First, notice that
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A A . A A
o = ;77 <[—Cf<c ~(1=B)-C+ b pulrg +[kA+ (1~ F)—A~ 5KPH]7”E> : (J.23)
Since E > 0, ¢ < 0 requires
A A - A A
—-Crk—(1- B)EC + B;pH]r}l{ +[kKA+(1- ﬁ);A - ﬁ;pH]rz < 0. (J.24)

Multiplying both sides by %Tin and collecting terms, we get
L

5, [(Q=Bp)+ A -pr)BH K24 (1— BN

T oRPH T P + T PH
1-— r7
- ( PL(1 - Bpr) —pL> 2L >0 (J.25)
KR TL
Let
P(pn) := ¢apir + d1om + do : (J.26)
where
I —pr T
$o 1= — (1—B8pL) —pr| =
oK 'I"L
(1= Bpr) + (L —p)B K2+ (1= BN
b1:= oK B r
B
o = — 1 <0, (J.27)
oK

which is similar to the definition in Appendix A. ¢g > 0 and ¢2 < 0 imply that one root of (J.26)

is non-negative and ¢g < 0 if and only if py is below this non-negative root, given by

I A Aodr

Pi(©-p,) =~

(3.28)

This completes the proof of Proposition 7.D.
Proposition 7.E: £ >0 and py < p(0_,,,) only if F()\) < 0.

Proof:
Suppose that E > 0 and py < 3 (©_p, ). Then E + P(pg) > 0.
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E+ P(py) = %zﬁq + <1 + 1= Fpe) + 1 _pL)”B>pH + (1 ;IfL(l — Bpr) —m)

O'IipH oK + I PH
1—-pL T
- (1—BpL) —pL | =1
oK L
A 1-— 1— re
= [/BPPH —p Py, < pL(l — Bpr) —pLﬂ <5LI — 1> . (J.29)
OKR OKR TL

Since (% — 1) < 0, the following condition has to hold:

A 1-— 1-—
Brpa — 6 Ly — < PL (1~ Bpr) - PL> < 0. (J.30)
oK oK
Collecting terms, we get
1, 1 1
—I'—Bp; +T'|— (1 + B+ Bpu) + 1|pr + By — T— (1 + Bpr) = E(A) < 0. (J.31)
oK oK oK

This completes the proof of Proposition 7.E. Note that Proposition 7.E holds independently of

whether the system of linear equations (J.1)—(J.6) is satisfied or not.
Proposition 7.F: E(\) < 0 only if E > 0.

Proof: This follows directly from noticing that

~ E(\)  BA 1
F=——7"—"+— — 1 1- . J.32
ot et (Bpr + 1+ 61— pr))pr (J.32)
Note that Proposition 7.F holds independently of whether the system of linear equations (J.1)—(J.6)

is satisfied or not.
With these six preliminary propositions (7.A-7.F), we are ready to prove Proposition 7.

Proposition 7: There exists a vector {ymg,7y,ig,yr, 7,75} that solves the system of
linear equations (J.1)—(J.6) and satisfies ¢;, < 0 and ¢y < 0 if and only if p;, < p} (0_,,)
and py < p5;(©_p,).

Proof of “if” part: According to Proposition 7.A, there exists a vector {yg, 7y, i, yr, 7,41} that

solves (J.1)-(J.6). Suppose that p;, < p}(©_p,) and py < p};(©—p, ). According to Proposition
1.C (which does not rely on the system of linear equations), F(A) < 0. According to Proposition
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7.F, then E > 0. According to Proposition 7.D, this implies ¢z < 0. Finally, according to Propo-
sition 7.C, this implies ¢, < 0. This completes the proof of “if” part.

Proof of “only if” part: According to Proposition 7.A, there exists a vector {ym, 7w, im,yL, 7L, L}
that solves (J.1)~(J.6). Suppose that ¢;, < 0 and ¢5 < 0. According to Proposition 7.B, E > 0.
According to Proposition 7.D, then py < p};(©_p,). According to Proposition 7.E, this implies
E(X) < 0. According to Proposition 1.C (which does not rely on the system of linear equations),
pr, < p1(©_p, ). This completes the proof of the “only if” part.

J.2 Nonexistence of the topsy-turvy Markov-Perfect equilibrium

The topsy-turvy Markov-Perfect equilibrium is given by a vector {yg, 7g,im,yr, 71,1} that solves

the following system of linear equations

yu = [(1 = pa)ys + pryr] + o[(1 — pa)me + pamr —ig + 1], (J.33)
7 = kyr + B[(1 — pu)ma + puamL], (J.34)
yr = [(1 = pr)ym + pryr] + o[(1 — pr)mm +prmr — i + ], (J.36)
m = kyr + B[(1 = pr)mE + prar), (J.37)
0=AyL + K7, (1.38)
and satisfies the following two inequality constraints:

¢n <0, (J.39)
i, > 0. (3.40)

¢ denotes the Lagrangean multiplier on the ZLB constraint in the high state:
¢H = Ayn + KTH. (1.41)

Proposition 8: The topsy-turvy Markov-Perfect equilibrium does not exist.

We first prove three preliminary propositions, then use them to prove Proposition 8.
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Let

C\) ==r24+X(1-PBp1), (J.42)

D) ==—pA(1—p1), (.43)
and

E(\) := AD(\) — BC()), (J.44)

where A and B are defined in (J.11) and (J.12).
Assumption 8.A: E(\) # 0.
Throughout the proof, we will assume that Assumption 8.A holds.
Proposition 8.A: There exists a vector {yy, 7y, iy, yr, 71,1} that solves (J.33)—(J.38).
Proof

Rearranging the system of equations (J.33)—(J.38) and eliminating yyz and yz, we obtain two

unknowns for 7z and 77, in two equations:

A B T T
CN) DN || 7w | | O
I R A R (J.45)
TH EN) | —C(\) A 0
Thus,
TH = —ggi; T (J.46)
and .
L = ggf\\; T (J.47)

From the Phillips Curves in both states, we obtain

(1- 5)/; l(;g))\;- 5PHFT?I (J.48)

YH = —

and
_ (= Bpr)DO) + (1= pr)BCR)




Proposition 8.B: Suppose (J.33)—(J.38) are satisfied. Then ¢y < 0 if and only if

E(X\) > 0.

Proof:
Notice that
b =

~ gy (02 + (L= 9)00) + puT) (4.50)

where (k% + (1 — 8))C(\) + BpyT > 0 and 7% > 0. Hence, ¢y < 0 if and only if E(\) > 0.

Proposition 8.C: Suppose (J.33)—(J.38) are satisfied. Then i;, > 0 only if E(\) < 0.

Proof:
Notice that

i =1} —

"BV [—anﬁ(A) +K(1—pr)C(N) + %(1 — 1)

(1= 91C) + BpuT + (1= Bpr) D)+ (1= pr)SCN)) (1.51)

g /-;El(/\) {_HpLD(A) + (1 —pr)CO) + %(1 ~pp)

(1= Bp2)C) + BpuT + (1= Bpr) DOV |, (1.52)

=17 — Al [—Kpr()\) +r(1—pr)C(N) + ! (1 —=pL) (Bpu + (1 = BpL)) U7y, (J.53)

o
where —IipLﬁ()\)—}—K,(l—pL)CA'()\)—{—%(l—pL) (Bpr + (1 —ppr)) T >0, 7% >0, and r} < 0. Hence,
ir, > 0 only if E(\) < 0.

With these three preliminary propositions (8.A-8.C), we are ready to prove Proposition 8.

Proposition 8: There exists no vector {yy,7q,im,yr,7r,ir} that solves the system of
linear equations (J.33)—(J.38) and satisfies i;, > 0, ¢y < 0.

Proof by contradiction: According to Proposition 8.A, there exists a vector {ym, 7w, iq, YL, 7,1}
that solves (J.33)—(J.38). Suppose that ¢ < 0 and iy, > 0. According to Proposition 8.B, ¢ < 0
implies £(\) > 0. According to Proposition 8.C, iy, > 0 implies E(\) < 0, which contradicts
(ip, >0, ¢y <0).
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J.3 Nonexistence of the ZLB-free Markov-Perfect equilibrium

The ZLB-free Markov-Perfect equilibrium is given by a vector {yg, 7, im,yr, 7,45} that solves

the following system of linear equations

yu = [(1 = pa)ys + pryr] + o[(1 — pa)mw + pamr —ig + 1], (J.54)
mi = kyg + B(1 — pu)mw + pamr), (J.55)
0=Aym + K7H, (J.56)
yr = [(1 = pr)ym + pryr] + o[(1 — pr)mm +prmr — i + ], (J.57)
7w = ryr + B[(1 = pr)mE + prar), (J.58)
0= AyL + K7, (1.59)
and satisfies the following two inequality constraints:
i, > 0. (J.61)
Proposition 9: The ZLB-free Markov-Perfect equilibrium does not exist.
Proof:
Let
~ K,2 :‘€2 2
E:[1_/3(1_pH)+7](1_5pL+7)—BpH(l—pL). (J.62)

Assumption 9.A: F # 0.

Throughout the proof, we will assume that Assumption 9.A holds.

Notice that ¢z and 77, only appear in the consumption Euler equations. Thus, we can first find
a vector of {ym,7m,yr, 1} that satisfies the Phillips curves and the government’s optimality con-
dition in both states, then use the two consumption Euler equations to find 5y and ¢;,. Rearranging
the system of equations (J.55), (J.56), (J.58), and (J.59) and eliminating yg and yr,, we obtain two

unknowns for 7z and 77, in two equations:

2

T = —%WH +B[(1 — pu)TH + paTL] (J.63)
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and

2

WL:*%TFLJrﬁ[(l*pL)TquLpLTrL] (J.64)
RS TR S VA NI I (3.65)
—B(1 —pr) 1=PBpr+ % | | 7L 0
- TH _ lA 1—Bpr+ % 6(1 - pL) , 0 _ 0 ) (J.GG)
L E Bru 1- B —pu)+ % 0 0

From the Phillips curves in both states, we obtain
yag =0 (J.67)

and
yr = 0. (J.68)

From the consumption Euler equations in both states, we obtain
1 = 7’?[ >0 (J69)

and
i, =717 <O0. (J.70)

These two inequalities hold because we assume that r%; > 0 and r} < 0. Thus, the inequality
condition for the policy rate in the low state is violated. Accordingly, there is no vector that solves
(J.54)—(J.59) and satsifies both i > 0 and iy, > 0.
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