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1 Introduction

1.1 Overview

This course provides an introduction to dynamic econometric models and methods.

The course surveys linear and nonlinear econometric models and estimation tech-
niques, presenting them in a method of moments framework. While emphasizing
their applicability under general assumptions on the data generating process, the

emphasis will be on applications in time series analysis.

The first part of the course treats single equation models, while the second part
is devoted to systems of equations. Starting from a review of the linear regression
model (OLS, GLS, FGLS), the course revisits basic properties of stochastic processes

and their implications for time-series regressions, cast in the form of general autore-



gressive distributed lag (ARDL) and error correction model (ECM) representations.

The second part of the course is devoted to estimation of systems of equations
that describe the joint evolution of several time series. The primary focus is on
vector autoregressive models (VARs). The concept of co-integration of time series
is introduced, and its implications for VARSs is explored in the context of the
vector error correction model (VECM) representation of VARs, as a multivariate
generalization of ECMs for AR(DL)s.

An supplementary section focusses on second moment properties of stochastic
processes. Specifically, it is devoted to time series models of heteroskedasticity which

play a prominent role in the analysis of the volatility of financial time series.

The course is designed as a two-day sequence of alternating lectures and practical
computer exercises. The applications in the computer practicals will use time series

data from microeconomic contexts, rather than macroeconomic series.

1.2 About these Notes

These notes are intended as a reference guide to the material covered in the course.
The lectures will follow the notes closely, but will focus on the main principles
and results, omitting much of the intermittent algebra. The presentation of the
course material rests on the kind of mathematical and statistical tools and the styles
of argument that microeconometricians are typically familiar with. The primary
objective is to provide an approach to econometric concept in time series analysis
that appeals to the intuitive understanding of microeconometricians, not a fully

rigorous delineation of results.



2 Generalized Method of Moments Estimation

2.1 General Setup and Method of Moments Estimation

This section provides a basic review of Method of Moments estimation in the familiar
context of the linear regression model. It sets up the general framework and notation

in which the remainder of the course and these notes will proceed.

Consider data {(y,x}),t = 1,--- T}, where y; denotes a scalar dependent (or
response) variable, while x; denotes a k x 1 vector of independent, exogenous co-

variates. Possible assumptions about the data generating process are:

1. distributional assumptions about the joint or conditional cumulative distribu-
tion function (CDF) F(y, X), or F(y|X) respectively, where y = (y1,- -+, yr)’
and X = (x1,--- ,Xx7)’; this setup gives rise to maximum likelihood estimation
(MLE);

2. conditional population moment assumptions:

(i) Evix|w|x:] = 9(x4;6p) a.s. for all ¢, where 6y € © C R* is an unknown
parameter vector, and the function g is possibly nonlinear in 6y; in the
special case of linearity, Fyx[y:|x:] = x;0y a.s., the linear regression
model; in the latter case, this is equivalent to Ey|x[yt — xX,0|%;] = 0 a.s.

for all ¢;

(ii) continuing with the linear model, Eyx[(y: — x:00)*|x¢] = 0§ > 0 a.s. for

all ¢, which is referred to as conditional homoskedasticity.

Note: (i) by itself does not identify 6y, unless k = 1; (ii) identifies 032. Based on (i),

unconditional moment conditions can be derived by iterated expectations:

Eyix[ys —x00|x,] = 0 as.
= xEyx[yy — x00/x;] = 0 as.
= Ex [x:Eyx[y: — x;00/x]] = 0
(i) = Eyx [xe(y: —xi60)] = 0=m(ys,xs;60),



i.e. k unconditional moments, which can identify 6,. Note also that (ii) holds

unconditionally as well: Eyx|[(y; — x,60)?] = o2 for all ¢.

The idea behind Method of Moments (MOM) estimation of 6, and o2 is to replace
population moments by sample analogues (empirical moments, sample averages):

For any 0 € ©,

Nl =
[M]=

moments in (i'): Er[x(y; — x;0)] = x¢(y; — x,0) = mr(y, X; 0)

t=1

(yt - XQQ)Q-

el
] =

moments in (ii): Er[(y, — x10)*)] =

t=1

The MOM estimators 67 and 62 solve the empirical analogues to (i’) and (ii):
(i)  Er[x,(y —x07)] = 0
(iv)  Erl(y—xi0r)*)] = 67

In this linear model, the MOM estimator for 6, is equivalent to the familiar OLS

estimator: (iii) implies

1
% Z thfs> éT = % Z XUt
¢
Er [thﬂ Or = Er[xwy]
Or = [Er [thg]rl Er[xyi

-1
Z th;] Z XUt
t t

= (X'X)"'X'y =g

provided rk(X'X) = k. Hence, 07 is conditionally unbiased: E [éT\X] = 0. Its con-
ditional variance is var(67]|X) = (X'X) "' X'var(y| X)X (X'X)"!; provided that the
y; are conditionally independent across ¢, i.e. that var(y|X) = 21z, the conditional
variance of the MOM estimator reduces to var(f7|X) = o2(X'X)~!. In this case,
the MOM estimator enjoys all the properties of the OLS estimator, a direct conse-

quence of the Gauss-Markov Theorem which rests entirely on conditional moment
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assumptions: Suppose Eyxx[y|X| = X6y = [x,00)i=1.... 7, and var(y|X) = oIy,
02 > 0; then Or is the best linear unbiased estimator (BLUE), i.e. it is efficient (in

the sense of having minimum variance among all linear, unbiased estimators of 6 ).

The moment conditions (iv), involving second moments, yield
A T—-Fk,

where s% is the OLS estimator of 0(2]. This implies that the MOM estimator 67 is

biased in small samples (finite 7).

2.2 Variants and Generalizations
2.2.1 1V and 2SLS

Suppose that the previous population orthogonality conditions between x; and resid-

uals y, — x;6p do not hold, but that for some vector of instruments z,, for any ¢,

Eyxizlye —x0|z.] = 0 as.
Evxz|z:(y: — X;ﬂo)] =0 (1)
var(y|X,Z) = oilr,

where Z = (zy,- -+ ,2z7)".

Suppose (i) dim(z;) = dim(x;) = dim(fy) = k, in which case 6 is just identified
by (1). Then, the sample analogue to (1) is

Erlz(y —x00)] =0 = O = (ZX)"'Zy,

provided rk(Z'X) = k. Under the conditional homoskedasticity assumption above,

the instrumental variable (IV) estimator 0y has conditional variance var(6;y | X, Z)
03(Z'X)1Z/'Z(Z'X) ™!, which reduces to the conditional variance of the OLS esti-
mator when X is a valid array of instruments, i.e. when the orthogonality conditions
(1) hold with z; = x;.

Suppose (ii) dim(z;) = m > k. In this case, 6 is over-identified by (1), which is

now a system of m (rather than k) equations, and Z'X is an m x k matrix, i.e. it is
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not square. Let Pz = Z(Z'Z)~'Z’, the orthogonal projector onto the column space of
Z, col(Z).; recall that orthogonal projectors are idempotent and symmetric. Then,
orthogonality of y — X6, and Z according to (1) implies orthogonality of y — X6,
and X'Py, so that

Eyxz|[X'Pg(y — X6p)] =0 (17)
is a system of k& unconditional moment conditions. The sample analogue to (1') is

1 ~
TX/PZ(Y_XQQSLS) =0

brsrs = (X'PzX)'X'Pgy (provided rk(X'PzX) = k)
= (X'PzPyX)"'X'Pgy
- (XX)'XYy,

where X = PzX are the fitted values from the regression of the columns of X
onto Z, i.e. only those components of X which are orthogonal to y — X6, accord-
ing to (1). The conditional variance of the 2SLS estimator is var(fasrs|X, Z) =
05(X'PzX)"!. Note that, if dim(z;) = k and rk(Z'X) = k, then (X'P;X)"! =
(X'Z(ZZ)'Z’ X)) = (ZX)'ZZ(X'Z) = (ZX)'Z'Z((Z'X)71), ie. the con-
ditional variance collapses to the one of the IV estimator. Note also, for future

reference, that the conditional variances of the IV moment functions are

var(Z'(y — X00)|X, Z) = 03(Z'Z) = var(Z'(y — X6,)|Z).

2.2.2 Non-scalar Variance-Covariance Matrix

Suppose, as at the outset, that Fyx[x:(y — x,00)] = 0 for all ¢, but var(y|X) = €,
a positive definite, symmetric 7" x T' matrix. This change in the second moment as-
sumptions can be expected to affect the second moment properties of the OLS/MOM
estimator éT, i.e. its conditional variance-covariance matrix and, thereby, its effi-

ciency.

As before, the moment conditions involving the first moments yield the OLS/MOM

estimator for 6y, Op = (X'X)"'X'y. The second moment assumptions, however, now



imply

var(Op|X) = (X'X)"'X'var(y|X)X(X'X) ™
= (X'X)"'X'OX(X'X)"L

The Gauss-Markov Theorem implies that, while O is still conditionally unbiased, it
is no longer efficient. Note also: The conditional variance of the moment functions
is now var(X'(y — X6,)|X) = X'OQX.

Consider the special case of conditional heteroskedasticity in which var(y|X) =
diag(o?,--- ,0%). In this case, the conditional moment functions h(y;,xs;6p) =
Y — X,0 have conditional variances var(y; — x;6p|x;) = o7 for any ¢. In contrast to
the homoskedastic case, this suggests to weight the conditional moment functions
inversely proportional to their respective conditional variances, so that more infor-
mative (precise) moment conditions receive higher weight. Following this logic, the
weighted conditional moment functions are Uitgh(yt,xt; 0y) = a—lg(yt — x300), so that

the weighted conditional moments are

1
Evyix {p(yt —x36p)

t

Xt:| =0 a.s.,
and the weighted unconditional moments are
1 /
EYX Xt_Q(yt - Xteo) = 0.
o

Their sample analogues are

1 - 1 1 R
E R - /9 — _ _ _ /0 — O
T | Xt O_tg (yt X GLS):| T : Xt O_t2 (yt Xy GLS)
| R » ' 1 1
& X0 (y = XOgrs) = 0, where Q7 =diag(—, -+, —)
T R

=0ors = (X'Q'X)'X'Q7ly,

provided rk(X'Q7!'X) = k. The conditional variance of the GLS estimator is
var(07/X) = (X'Q'X)!. Note that homoskedasticity is a special case in which
Q = 0217, Ogrs = Oos and var(07]|X) = (X'Q1X) ! = var(fors|X) = 02(X'X) L.
The GLS estimator is efficient among linear, unbiased estimators under the above
assumptions. In this framework, ég s has the interpretation of efficient MOM esti-

madtor.



The GLS estimator above is only feasible if (2 is known. If it is not known, it
needs to be estimated, based on first-stage residuals obtained from consistent, but
inefficient OLS estimation of f,. Once a consistent estimator Qg is obtained, #, can

be re-estimated in a second step, using Qr in lieu of Q:
Orcrs = (X'Q7F'X)'X'Qly.

This feasible GLS (FGLS) estimator is asymptotically equivalent to the infeasible

GLS estimator, i.e. it is asymptotically efficient.

2.3 Generalized Method of Moments

This line of reasoning suggests that it is generally beneficial (in the sense of efficiency)
to weight moment functions by their conditional variances. The Generalized Method
of Moments (GMM) proceeds in this fashion.!

To illustrate this, re-consider the instrumental variable set-up above, with dim(z;)
m > k and var(y|X,Z) = ¢2I7. In this case, as shown above, the moment functions

z:(y: — x}0p) have conditional variance var(Z'(y — X6y)|X, Z) = 03(Z'Z).

Starting with an arbitrary positive definite, symmetric weighting matrix > of
dimension m x m, the GMM estimator minimizes the generalized distance from zero

of the empirical moments, relative to the metric defined by 3:
Ocnn = argmin By [Z/(y — X0)|' SEr [Z'(y - X0)].
€

The first-order conditions of the minimization problem define the GMM estimator
éGMM; in this case:
(y — X)) ZEZ'X = 0
bory = (X'ZYZ'X)'X'Z5Zy,

'Hansen, L.P. (1982): “Large Sample Properties of Generalized Methods of Moments Estima-
tors”, Econometrica, 50(4), 1029-1054; and Hansen, L.P. and K.J. Singleton (1982): “Generalized
Instrumental Variables Estimators of Nonlinear Rational Expectations Models”, Econometrica,
50(5), 1269-1286.



with conditional variance
var(Oann| X, Z; ) = (X'ZYZ'X) ' X'ZYZ 021,257 X (X' ZXZ/X) 7L

This variance-covariance matrix is minimized with respect to > by choosing >* =
Ulg(Z’Z)_1 — [var(Z'(y — X6,)|X,Z)] ", i.e. by weighting the moment functions
inversely proportional to their conditional variances. With this optimal weighting
matrix in place, the optimal GMM estimator is seen to be equivalent to the 2SLS
estimator:

var(Ognra|X, Z; ) = 02(X' PzX) .

This generalizes to general nonlinear moment functions with sufficient smooth-

ness.

2.4 Testing of Moment Conditions
2.4.1 Hausman Test

The Hausman test examines the consistency of MOM estimators in the face of

possible failures of moment conditions.?

Suppose O and O are two estimators of 0y, obtained on the basis of different
assumptions about valid moment restrictions; e.g. 07 uses moments beyond those
used by 7. The null hypothesis Hj is that both 07 and 07 are VT consistent; i.e.,
in the example, that the additional moments are valid, so that 67 is relatively more
efficient than 7. Under H,,

VT(0r — 67) % N(0,Vp),

for some asymptotic variance-covariance matric Vp, which may be singular. The
alternative hypothesis H 4 implies that limy_, Pr <|éT — §T| > e) > 0 for any € > 0.

The Hausman test statistic takes the usual quadratic form

Hr =T (Br —br) Vi (Br —br),

2Hausman, J.A. (1978): “Specification Tests in Econometrics”, Econometrica, 46(5), 1251-
1271.



where V,; is a consistent estimator of the (generalized) inverse of Vp. Under the
null hypothesis, its asymptotic distribution is y? with degrees of freedom equal to

the number of restrictions imposed by the null hypothesis.

Example: In the context of endogenous regressors, the OLS estimator BOLS
is best linear unbiased if E[Xu] = 0, but biased otherwise. If Z is an array of
valid instruments, then the IV /2SLS estimator BIV /2SLS is unbiased, regardless
of whether E[X'u] = 0 holds or not, but if this moment condition holds, then it is
inefficient, relative to the OLS estimator. Then, this moment condition can be tested

using the Hausman testing framework. Since BOLS — BIV/2SLS‘X’ Z ~ N(0,V),
where V = var (BOLS — BIV /QSLS>’ the Hausman test statistic is

Hr = (BQLS - BIV/QSLS)lV? (BOLS - BIV/ZSLS) ’

and the null hypothesis of the validity of the £ moment conditions is rejected at the
a-level if Hy > x2(1 — ). Note that it follows from the orthogonality of relatively

efficient estimators that, under the null hypothesis,
cov (BoLs foLs = Arvjasts) = O

=var (fors) = cov (fors v asrs)-

Hence,

V = var (BOLS_BIV/QSLS>

- var (BIV/QSLS> var (BOLS)
= o2 [(X’PZX)*1 - (X’X)*l} .

Often, however, the latter matrix is singular.

A convenient fact often facilitates the computation of the Hausman test statistic
Hr. A consequence of the (conditional) orthogonality of a relative efficient estimator
and its difference to other consistent, but inefficient estimators is that the (condi-
tional) covariances between such estimators is equal to the variance of the efficient
estimator. Hence, if Oy is efficient relative to éT, then Vp = avar(\/T (9~T — éT)) =

avar(vT (07 — 0y)) — avar(vT (07 — 05)).
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As an example, consider the linear, homoskedastic model and let X = [X;, Xs],
where X; consists of exogenous covariates, while Xy is suspected of lack of exo-
geneity. In other words, the validity of the set of unconditional moment conditions
E[Xy(y — X160, — X365)] = 0 is in doubt. Let W be an array of instruments for
X, in case X is endogenous, and let Z = [X;, W] denote the array of all in-
struments (i.e. the columns of X; act as instruments for themselves). Then, the
null hypothesis Hy is that X, is exogenous, while the alternative hypothesis H4
is that X5 is not exogenous. Under Hj, the Gauss-Markov Theorem implies that
the OLS estimator for 6y = (6},6,)’, ors, is efficient; its asymptotic distribution
is \/T(éOLS — 0o) A N(0,03(X'X)™"), conditional on X. Under Hy, Oors is in-
consistent, but the 2SLS estimator §25LS is consistent; its asymptotic distribution
is VT (Oasrs — 0p) % N(0,02(X'PzX)~1), conditional on X and Z. Since the OLS
and 2SLS estimators are (conditionally) orthogonal under the null hypothesis, their

conditional covariance matrix is zero under H,. Hence, conditional on X and Z,
VT(Oors — basrs) = N (0,02(X'PaX) "' — (X'X)71),

so that the test statistic becomes
H(X'PX) T = (X'X) Y] s 5 d o
> 6'2 (90115 - 925LS> — Xdlm(COI(XQ))7
T

Hr=T (éOLS — bys1s

where 62 is an estimator of o2 based on either the OLS or 2SLS regression residuals.

This test is referred to as Hausman-Wu Exogeneity Test.

The computation of the Hausman-Wu test statistics is complicated by the re-
quirement of a generalized inverse. A convenient representation of the test in an
easily implementable form was suggested by Wu (1973)3. The null hypothesis of
exogeneity of X is equivalent to the null hypothesis that v = 0 in the augmented
regression

y = X6+ Xw + €, where Xz = PzXs.

This hypothesis can be tested using an F-test with dim(col(Xz)) numerator and
dim(col(X)) — dim(col(X3)) denominator degrees of freedom. The null hypothesis

of exogeneity is also equivalent to the hypothesis that 6 = 0 in the regression

y = X0+ 06 + v, where u = (I — Pz)Xy,

3Wu, D. (1973): “Alternative Tests of Independence between Stochastic Regressors and Dis-
turbances”, Fconometrica, 41(4), 733-775.
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where 11 is a set of the vectors of fitted residuals from the reduced form regressions
of the hypothesized endogenous RHS variables onto all exogenous variables. This
hypothesis can be tested using a t-test with dim(col(Xs)) = 1 degrees of freedom if

X, € R, and an F-test as above otherwise.

2.4.2 Sargan-Hansen J Test

Another test of the validity of moment conditions can be based on the GMM criterion
function. When the parameter vector of interest 0 is exactly identified under the
alternative hypothesis and over-identified under the null hypothesis, then GMM
moment tests are called test of over-identifying restrictions. Let Eyx[m(y;, Xs; 00)] =
0 denote the r population moment conditions under the null hypothesis, where
dim(fp) = k and r > k, i.e. there are r — k over-identifying restrictions. The
empirical analogues to the population moment functions are Er[m(y;, x¢;6p)]. Let
3% be (a consistent estimator of) the (optimal) GMM weighting matrix X*, and let
éGMM be the GMM estimator of #y. The minimized, second round GMM criterion
function

. /AN A
Jr=TEr m(ytaXtS HGMM)} E}ET [m(yt,xt; 9GMM>

then serves as a test statistic for the validity of the over-identifying moment con-
ditions. This particular test statistic is referred to as the Sargan-Hansen (1982)
J-test?. Tts asymptotic distribution, as T — oo, is x?_,, and the test rejects the null
hypothesis when the statistic exceeds the critical values of a x2 , random variable
for the appropriate test size. This does not permit any inference about which of the

moment conditions is invalid, however.

In the case of the example in the preceding subsection, the Sargan-Hansen J test

statistic of the null hypothesis that Z is a valid array of instruments is

g v = Xbasrs) 2 [Z/(1 = P)Z) " 2y — Xasis)
_ & |

Orp

and its asymptotic distribution under the null hypothesis is also x?_,; see Appendix

for details. Note that, in general, the Hausman-Wu test requires estimation under

4Hansen, L.P. (1982): “Large Sample Properties of Generalized Methods of Moments Estima-
tors”, Econometrica, 50(4), 1029-1054
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both the null and the alternative hypothesis, while the Sargan-Hansen J test only

requires estimation under the null hypothesis.

This test for over-identifying restrictions can also be implemented in terms of
a regression of the 2SLS residuals u = y — XBQSLS on all the instruments Z and
testing whether all regression coefficients are jointly equal to zero. The test statistic
is asymptotically distributed y? with degrees of freedom equal to the number of

over-identifying restrictions.

2.4.3 Weak Instruments

Broadly speaking, the case of weak instruments refers to a situation in which the
correlation between the endogenous variable and its instrument(s) is low. The treat-
ment of situations with weak instruments is an area of active current research.® In
the case of a single endogenous variable 5, a test for the weakness of instruments,
due to Bound et al. (1995)°, is a partial R?, denoted by R?, that isolates the impact
of the instruments on the endogenous variable, after eliminating the effect of the
other exogenous variables on the latter. The statistic Rg is given by the R? of the
regression

$2—£i'2:<Z—i>/5+l/,

where Ty = Px,x9 and z = Px,z. When Rf, is low, then z is considered an array of

weak instruments for z,.

2.4.4 Model Selection, Specification Testing and Diagnostic Tests

Various tests for model selection have been proposed in the literature, but none
is entirely satisfactory. In regression models, the regression R* = 1 — u'a/y’y is
often considered, where 1 is the vector of fitted residuals. Superior models exhibit

smaller R?. This measure does not require distributional assumptions and, hence,

SFor a recent survey, see Stock and Yogo (2002), NBER, Technical Working Paper 284.
5Bound, J., Jaeger, D.A., and R.M. Baker (1995): “Problems with Instrumental Variables

Estimation When the Correlation between Instruments and Endogenous Explanatory Variables Is
Weak”, Journal of the American Statistical Association, 90, No. 430, 443-350.
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is embedded in the method of moments framework. Alternatively, under distri-
butional assumptions, measures based on the log-likelihood are available and have
some information theoretic interpretation. The Akaike information criterion (AIC)
adjusts the sample log-likelihood at the MLE 6 for model j, lT(é(j)), for the number
of estimated parameters, k; = dim(6;)), so that AIC; = —QZT(é(j)) + 2k;. Under
normality assumptions, the AIC reduces to AIC; = 2k; +T'In (ﬁ;ﬁj / T), where 0,
is the vector of fitted residuals of model j. The Schwarz Bayesian information or
posterior odds criterion (SBC), in addition, accounts for sample size T and is de-
fined as SBC = —2lT(é(j)) + k; In(T). The SBC is a closely related variant of the
Bayes Information Criterion (BIC), which is defined as BIC = SBC/T. Under nor-
mality assumptions, the BIC reduces to BIC = In (ﬁ;ﬁj/T) + k;In(T)/T. Models
with higher information criteria are deemed superior. In comparison to AIC, the

SBC/BIC criterion tends to choose more parsimonious models. Many practitioners

also test the goodness-of-fit in terms of the accuracy of out-of-sample prediction.

Diagnostic tests examine various assumptions underlying estimation. In the
context of the linear regression model, this section surveys the tests which are used

most often and typically provided by standard statistical software.

1. Structural Stability: Tests for structural stability examine whether the pa-
rameters to be estimated are constant over the sampling period, the null hy-
pothesis. Considering a simple linear regression model, under the alternative

hypothesis,

Yy = X:‘/el—i_ett:l?”'aTb
Yy = Xt92+6t7 t:T1+17"'7T7

where 6, # 05 and ¢; are assumed i.i.d. and homoskedastic. Under Hy,
0 = 6, = 0y, i.e. k = dim(x;) restrictions are imposed. The restricted OLS
estimator for @ yields the restricted sum of squares €'¢ with T' — k degrees of
freedom, while the unrestricted OLS estimators for #; and 6, yield the un-
restricted sum of squares €€, + €,é; with T — 2k degrees of freedom, where
€it = Yy — XtBi for i = 1 while t < T3, and ¢ = 2 while ¢t > T;. Chow’s first
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breakpoint test statistic is

(€'é — (€161 + €462)) [k
(€1é1 + €4é) /(T — k)

Cr =

Frr_p.

This test requires that the variances of the residuals ¢; are the same in both
subperiods. This can be tested using the Goldfeld-Quandt test

2 Al A
s €6 /(T — k)
= = = — "~  ~ F _ _
gQT S% €/262/(T2 — k) Ty —k,To—k>

where the larger variance estimate should form the numerator so that the

statistic is greater than unity. Chow also suggested a test for predictive failure
for the case when Ty < k,

G (€'e — €1é1) /Ty

éér/ (T — k)

Fr, .

. Non-linearity in covariates: Using the estimated residuals from the estimation
of the linear model,

A~

€ = Yt — X:‘,ea
the Ramsey RESET test amounts to running a second stage regression of é; on
x; and the squared predicted dependent variable g2 and to testing whether the
coefficient on §? is zero, using a t-test. A numerically equivalent implemen-
tation of the test uses ; in lieu of ¢ in the second-stage regression. Higher

powers of ¢, can be included to test for further degrees of curvature, using

F-tests.

. Serial Correlation in Residuals: Suppose the data generating process is

ye = x00+ €

€ = pP€—1+ U,
where 1, is white noise, i.e. serially uncorrelated and has mean zero and
constant variance. If 6§, were estimated by OLS, then the estimated residuals

would be

b=y — xi = xi(00 — 0) + per-s +

This suggests to test the null hypothesis of no serial correlation, i.e. p = 0, by

regressing €, onto x; and €_; and test whether the coefficient on é,_; is zero,

15



using a t-test. Testing against the alternative hypothesis of higher-order serial
correlation on the process for €, can be done analogously by including further
lags of € and testing that their coefficients are jointly equal to zero, using an
F-test.

. Heteroskedasticity: Suppose that the residual variance is suspected to be some
function o?(-) of a vector of variables z;, var(e;) = 0%(z;). Then, a test for
heteroskedasticity against the null hypothesis of homoskedasticity amounts to
regressing OLS residuals ¢; on a constant and z; and testing whether the coef-
ficient vector on z; is zero, using an F-test. Candidates for z; are (i) elements
of the regressors x;, (ii) squares and cross-products of the regressors (White
test), (iii) the squared predicted dependent variable 2 (RESET version), (iv)
lagged squared estimated residuals (autoregressive conditional heteroskedas-
ticity, ARCH), and others.

It should be noted that cases (3.) and (4.) do not impede the usual first-
moment properties of the OLS estimator for 6, (unbiasedness, consistency),
because they pertain to second-moment assumptions. But the conditional

variance-covariance matrix of @ is no longer o2(X'X)~1, but
var(Gops|X) = (X'X) ' X'OX(X'X) 1,

where the structure of €2 is as in subsection 2.2.2 in case (4.), and as in subsec-
tion 3.1.1 below in case (3.). Corrected variance-covariance matrix estimators

are available, for example the Eicker-White estimator

—

var(fors|X) = (X'X) I X/OX(X'X) 1,

where ) is a suitable consistent estimator of Q); see subsection 3.1.2 for an
example. A popular estimator in the presence of residual serial correlation is

suggested by Newey and West (1987).

. Influential Observations

An influential observation is a data point that is crucial to inferences drawn
from the data. While the various approaches described here provide quanti-

tative measures of the statistical influence of an observation, it is important
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to keep in kind, however, that only knowledge of the subject matter and the
data itself can determine whether this influence is substantively informative

or merely due to data reporting error.

Consider the linear regression model in which the k x k& matrix X'X has full
rank case. Define the orthogonal projection matrix H = X(X'X)"'1X’. Then,

Y = HyY, + > HyY.,
st

where H;, is the row ¢, column s element of H, t,s = 1,--- ,7T. The value
H;; is a measure of the leverage or influence of Y; on its linear conditional
prediction, Yt It can be shown that 0 < Hy;; < 1, and that Hy; = 1 implies
that fft =Y, while Hy; = 0 implies that Yt = 0. This suggests that, in the case
of high values of Hy;, the model requires a separate parameter to fit Y;, while
in the case of low values of Hy, the prediction Y; = 0 is fixed by design, i.e. by
the choice of X. Furthermore, it can be shown that H = % ZtT:l H; = % One
definition of leverage point is an observation indexed ¢ for which Hy; > 2%.

Define 0_, and s%, = 62, as the estimates of 6, and o2 based on the T — 1

observations, excluding the tth data point. These are referred to as Jackknife

or cross-validatory estimates.” These can be used to obtain Jackknife residuals

e = (yo — X,0-¢)/(5-41/1 — Hy),

which can be highly effective for picking up single outliers or influential obser-
vations. Another Jackknife measure of the influence of an observation on the

joint inference regarding 6, are Cook’s distances

X'X . A
' (9—15_9)7 tzla"'vTa

CDt - (é_t - é)

ks?

which can be compared to an F-distribution to estimate the percentage influ-

ence of Y; on 0.

"The idea of the Jackknife is due to Tukey. Based on the “leave one out” estimates é,t,
t =1,---,T, the random variables TH — (T - l)é_t may be treated as i.i.d. estimates of 6.
They provide an effective way to get a sampling distribution of 6 without recourse to asymptotic

arguments and as an alternative to the bootstrap.
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Best econometric practice usually derives an estimable statistical model from an
underlying economic model or theory that rationalizes the data generating process.
It is important to recognize that, while the various goodness-of-fit measures and
diagnostic tests may be generally useful statistical tools for specification testing
and model selection, when they fail to support the estimated model they do not
provide any guidance as to how to adjust the model because they are not linked
to the economic model. Failures of these tests, therefore, may be indicative of
a misspecified economic model and suggest a re-examination at that level of the

econometric analysis.

3 Univariate Stochastic Processes

3.1 Moving Averages
3.1.1 Stochastic Properties

Let Ely: — x,00|x:] = Ele|x:] = 0 for all £, but suppose that
€& =Yt — Xfﬁo = U + QUp_1,

where
u_g|x; ~ iid. Elu_sx]=0,Eul [|x]=03,5=0,1,---
This assumption about the intertemporal correlation of residuals ¢; induces the
following additional conditional second moments
var(y, — x00/x) = op(1+ a?)
cov(yy — X0, Yi—s — X;_00|%e, X¢—5)) = aoglys=1},

for any ¢, where 1¢4y is an indicator function taking value 1 if the event A occurs,

and zero otherwise. Hence, the conditional second moment matrix of the residuals
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is bidiagonal,

[ 140 o 0 |
(v — X0,|X) ) o 1+ a? o 0
var(y — =0 = Q.
‘ 0 0 o 14+a?

This model is a moving average process of order 1, MA(1). It can be generalized
in a straightforward manner to higher orders, MA(q) for positive integers ¢. In the
case of an MA(q), the conditional covariances vanish for observations more than ¢

periods apart.

3.1.2 Estimation

This model is another instance of a non-scalar conditional variance covariance matrix
(next to the heteroskedastic case discussed above), and it permits estimation of 6y by
FGLS. In order to implement the FGLS estimator for the MA(1), the bidiagonal pa-

rameters of {2 need to be estimated from first-stage OLS residuals {¢;,t = 1,--- | T'}.

A consistent estimator of o3(1 + o?) is s%

= Er[é?], while a consistent estimator
. A . 52 14+-&2 .
of ac? is e = Ep_1[é6;_1]. As an aside, =L = ——L can be solved to obtain an
0 tCt ) e ar

estimator of a (with sgn(dr) = sgn(er)), and this can be used in conjunction with

cr to obtain an estimator of op.

3.2 Autoregressive Processes
3.2.1 Stochastic Properties

In the case of the simplest autoregressive process of order 1, AR(1), x; is a scalar
and takes x; = y;_1, so that the residuals are ¢, = y; — poys—_1, Where py takes the role
of the parameter of interest 6. The residuals ¢; are assumed i.i.d. with moments
Elet|yi—1] = Ele;] = 0 and var(y; — poye_1|yi—1) = var(ely_1) = var(e) = og;
independence implies here, in particular, independence of past realizations of the

process {y:, t > 0}.
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Let X = y_ = (yo,"-*,yr-1). Note that y — Xty =y —y_po = [y —
poYt—1)t=1,.. 7. While y — X6y|X involved 7" random variables with non-degenerate
distribution, its analogue in the AR(1) model is the vector y —y_po|ly_, but this
involves T'— 1 constants (since it is conditioned on y_), and only yr — poyr—_1|y_; 4
yr — poyr—1|yr—1 has a non-degenerate distribution. Therefore, in the case of au-
toregressive processes, the joint distribution of the vector y conditional on initial
conditions (i.e. 7o in the case of an AR(1); on (yo,---,y—p+1) in the case of an

AR(p), for integer p) needs to be determined.

By recursive substitution,

Y = pPoYt—1 t+ €
= po(poti—2 + €-1) + &

t—1
= Péyo+zpf)€t—s-
s=0
This implies the conditional moments
Elylyo] = poyo
t—1 2 2t
- oo(l—p3')
var(ylyo) = o3 ) pfT =~
7=0 —Fo
min{¢,s}—1 2 2 max{t,s}
. og(l—p, )
cov(yeyslyo) = o5 Yy = 1_0pz
7=0 0

Note that both first and second conditional moments depend on t. Without
further restrictions, this would imply that any MOM estimator of py (OLS, FGLS)
would depend on t as well, which is inconsistent with the notion of py being a
time-invariant population parameter. This problem could only be overcome if the
unconditional moments did not depend on t. Regarding the first unconditional

moments, by iterated expectations

Elyi] = E[E[y:|yo]] = poElyol.

which is independent of ¢ if, and only if, E[yo] = E[y] = 0 for all t. Regarding the
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second unconditional moments,

var(y,) = var(Ely|yo]) + Elvar(y|yo)]
1
= pivar(yo) + Ugﬁ(l )
— Ao
2

2
0 o 0
. o {varwo) - } ,
L—pf 1—pj

which is independent of ¢ if, and only if, var(yy) = var(y;) = % for all ¢. Note
0

that this is only valid if |pg| < 1. If this condition holds, then the AR(1) process

{ys,t > 0} is said to be covariance stationary. Covariance stationarity will be

assumed for the remainder of this section.

Assuming (covariance) stationarity, i.e. |po| < 1, the above results on the mo-
ments of the stationary distribution can now be obtained more easily: Discarding

the trivial case py = 0, for the first moments, for any ¢,
Ely:| = poE[yi-1] = poEly:] = 0,
and for the second moments, for any t,

var(y,) = var(poys—1 + €)

= povar(y) +og  (because cov(y;_1,€) = 0)

_ %
10
s—1
COV(yt, yt—s) = cov (pf)yt—s + Z pgﬁt—r, yt—s>
7=0
= Povar(ye—s)
2
s 0
= 1001—02-
— o

Notice that, in the case of autoregressive processes, the autocovariance function
c(s) = cov(y, yi—s), s = 0,£1,4+2,---, dies off gradually, unlike in the case of

HlOViDg average processes.

21



3.2.2 Estimation

Estimation of py can proceed by OLS,

T -1 7
pr = (Zytz_1> Zyt?/tq
t=1 t=1

T -l
- (z y> S e
=1 =1
Serial independence of ¢; and Ele;] = 0 for all ¢ yields unbiasedness, E[pr] = po.

Assuming covariance stationarity, the asymptotic variance of pr is
. ~1
avar(VT(pr — po)) = o5 (Ely]) = 1-p5.

Note that |po| — 1 implies avar(v/T(pp — po) — 0. This feature will be discussed at
length below. Note also that, surprisingly, the asymptotic variance does not depend

on the data noise o3.

3.2.3 Unit Roots

Denote the characteristic polynomial in the lag operator L of the AR(1) process by
O(L) =1—poL, so that ®(L)y; = ¢;,.® Tt is necessary and sufficient for the AR(1) to
be stationary that the roots z of the characteristic equation |®(z)| = 0 lie outside
the unit circle, i.e. that |z| = ﬁ > 1, which is equivalent to the previous condition

for covariance stationarity. If ¢; is also i.i.d., then this is a random walk.

Suppose that po = 1, so that the characteristic equation ®(z) = 0 has a unit

root. The process takes then the form

Yy = Yp—1 + €.

Notice that its first difference, y; — y;,_1 = € is stationary. Hence, in the case of
po = 1, the process {y;,t > 0} is said to be difference-stationary, or integrated of
order 1, denoted by I(1). In this notation, the covariance stationary case is denoted
by I1(0).

8The lag operator L is defined by Ly, = y;_1.
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W.lo.g. let yo = 0 a.s. for the remainder of this section. Then,

T
p—1= (Z yt21> Zyt—l%
t=1 t=1

and the conditional moments are

t—1 2
Ely;1|lyo=0] = E < €s>

so that a.s.”

E

Yo = 0] = Y (t—1)a;

t=1

T

~ 08/ (t—1)dt
1

o« o3T? = O,(T?).

T

2
E Y1
t=1

Similarly, E[y;_1€)] = E [y;—1E[es|ys—1]] = 0, and, since E[y;_1€;] = E[%(yf — Y —

e )],
T [ 1 L
E|Y yiae yo=0] = B —w) -5 ¢ w= ]
t=1 L t=1
_1 T 2 7
= F 5 <Z€t> —26152 yo—()
| t=1 t=1
= F Zeset y0:O] =0 a.s.,
L s#t
so that a.s.

T 2 2
FE <Z yt16t> Yw=0 = FE (Z eset) Yo =20
t=1

9This section uses the Mann-Wald notation: A random variable wy = O,(T®) if, for any 6 > 0,
there exists M > 0 such that Pr(|T~*wy| > M) < ¢ for all T; wr = 0, (T%) if Pr(|T~*wr| > 0) —
0 for every 6 > 0, as T — oc.
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This suggests that
avar(pr — 1) ~ (o3T*) ' T(T — 1)og(03T?) ' = O(T?),

i.e. that, in the unit root case, T(p — 1) = O,(1). This is to be compared to
the stationary case, in which vT(pr — pg) = O,(1), with asymptotic distribution
N(0,1 — p2). The preceding argument makes clear why the asymptotic variance
of this distribution collapses in the unit root case when p — 1: In the unit root
~ —1 _1 .
case, pr converges to pp = 1 at rate T, i.e. faster than 72, the reason being
that >, 42, = O,(T?) in the non-stationary case, while Y, y? | = O,(T) in the

stationary case. In the stationary case, |pg| < 1,

-1 T
—pPo = (szt 1) %;yt—l%

it follows from a LLN that % Zt (yi, — Elyi = 22, while var (1 ST Y€)=
02 . Therefore, by a CLT,

1
T1

T
1 d 0(2)
— Ye—16e  — N <Ou >

0

VT(pr—po) = N(0,1—pd)

ie. ﬁ(ﬁT—po) = Op(1>.

An alternative representation of the AR(1) model is

Ay = (po — 1)yi—1 + €&,

where the difference operator A = 1 — L. Define 5y = py — 1. Then, (covariance)
stationarity implies By < 0, while non-stationarity (unit root) implies Sy = 0. The

OLS estimator of [y in the re-parameterized linear regression model

Ay = BoYe—1 + &
1S

-1
e o+ (zy> Sy
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The preceding discussion shows that this estimator converges to Sy < 0 at rate /T
if the process {y;,t > 0} is 1(0), and it converges to Sy = 0 ar rate T" if {y;,t > 0}
is I(1). This is the basis for the Dickey-Fuller unit root test, which tests the null
hypothesis of a unit root (equivalent to Sy = 0) against the alternative hypothesis
of stationarity (equivalent to 8y < 0). The Dickey-Fuller test statistics'® is

B

SG(BT)'

The Dickey-Fuller test statistic has a non-standard (Dickey-Fuller) distribution un-

DFy =

der the null hypothesis. This distribution depends both on the estimated model and
the true data generating process; e.g. the critical value of this test in this model
with 5 percent probability of rejecting a true null hypothesis is approximately -2.9,

while it would be around -2 for a standard one-sided ¢-test.

3.2.4 Extensions

(a) Deterministic Trends

Suppose a deterministic trend is included in the previous AR(1) model,

Yi = Qo + poYi—1 + Yot + €,

where ¢, is white noise, i.e. i.i.d. across ¢ with mean zero and constant variance.

The model can be re-parameterized as before, for gy = py — 1,
Ay, = ag + Bo(ye—1 — dot) + €,

where dg = vo/(1 — po). If By = 0, then Ay, = o + €, i.e. y; is I(1), a random walk

with drift ay:
t—1

Yt = Yo + ot + Z €t—s;
s=0

where yo is the initial condition, gt is a deterministic trend component, while
Zi;é €;_s 18 a stochastic trend. In this model for the true data generating process,

the Dickey-Fuller test is based on the OLS estimator for 5 in the regression

Ay = a+ By—1 + 7t + €,

Dickey, D.A. and W.A. Fuller (1979): “Distribution of the Estimators for Autoregressive Time
Series with a Unit Root”, Journal of the American Statistical Association, 74, 427-431.
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and the Dickey-Fuller test statistics is, as before, DFr = 3 e%g x but the distribution
T

of this test statistic differs from above, because a deterministic trend is included in

the regression.
(b) AR(p) with trend

Just as moving average models can be expanded by including further lags, so

can autoregressive models. Consider the AR(2) model with trend,

Yr = Qo + po1Yi—1 + po2Yi—2 + Yot + €.

In this model, the characteristic polynomial in the lag operator is ®(L) = 1—pjoL —
po0L?, and stationarity requires that the roots of |®(2)| = |1 — po12 — po2z?| = 0 lie
outside the unit circle. Conversely, the process has a unit root if the characteristic
equation permits z = 1 as a solution, i.e. if 1 — pg; — pg2 = 0. In this case, a

re-parametrization suitable for testing the hypothesis of a unit root is

Ay = ag+ (por + poz — Dye—1 + po2(Yi—2 — Y1—1) + Yot + €
= ap+ Bo(y—1 — dot) — po2Ayi—1 + €,

where 5y = po1+po2 — 1 is zero under the null hypothesis, and 09 = /(1 — po1 — poz)-
Running this regression and testing Hy : [y = 0 yields an Augmented Dickey-Fuller
test. Again, the Dickey-Fuller test statistic has a different distribution under the
null hypothesis, because of the presence of the lagged differences Ay, ;. Notice that,
if the AR(2) process is the true data generating process, but Ay, ; were omitted
in the Dickey-Fuller regression, then this omission would induce serial correlation
in the estimated residuals: The regression residuals in the mis-specified regression

estimate poaAy;_1+€;, and these terms are correlated, because the y;s are correlated.

All of this generalizes to AR(p) processes, with and without deterministic trend,
where p is a positive integer. The relevant re-parametrization of an AR(p), without

deterministic trend, becomes

p—1
Ay = ag + Boyi—1 + Z 00sAYr—s + €4,
s=1
where
Bo = por+-+pop—1
dos = —(poss1+--+pop), fors=1--- p—1.
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To see this, define p(L) = po1 + -+ + pop — 1, (L) = douL + - -+ + o p—1 LP1, and

notice that

Ay, = ag+ p(L)y: + €
= + (B()L + 5(L)(1 — L))yt + €¢,

because

BoL+6(L)(1—L) = Bo+ 0oL+ 481 LPF ) (1—L)
= BoL+ 6L — 001 L* + 82 L” — 8oL + -+ + 50,p—1Lp_1 — 0o p—1 L7
= (Bo+001)L + (o2 — S01)L* + -+ - + (pp—1 — Gop—2) L7 " — b0 p_1 LP
= (po1 = D)L+ poal? + -+ + pop 1 L'~ + pop L
= p(L).

The Augmented Dickey-Fuller test, as before, examines Hy : (o = 0 (unit root) vs.
Hy: By < 0 (stationarity).

3.3 Autoregressive Distributed Lag Models

The issues discussed above remain essentially the same when contemporaneous and
lagged x;s are re-introduced. Such models are called autoregressive distributed lag
(ARDL) models. The easiest version is an ARDL(1,1), in which x; is a scalar
covariate which appears next to lagged y; (the AR(1) part) contemporaneously and
with one lag (the DL(1) part),

Y = oo + l—1 + Boxe + Bixe—1 + €.

The implicit assumption in this model is that the process {x;,t > 0} is weakly
exogenous, i.e. the parameters of its marginal distribution are not linked with the

parameters of the conditional distribution of y;, given x; and the past.
If oy =1, then y, is I(1). Re-parameterizing,
Ay = ag + (1 — D)y—1 + Boxe + Brvi—1 + €,
this balances LHS and RHS in terms of order of integration if z; is 1(0) and a; = 1.

27



If x; itself also is 1(1),
Ayr = oo + (a1 — Dy—1 + BoAzy + (Bo + B1) i1 + €,

and in order to balance LHS and RHS in terms of order of integration, either

(i) Bo+B1=0and a; =1, or

(i) o+ (a1 — Dye1 + (Bo + B1) w1 is 1(0).11

Case (i) yields a model in first differences, Ay, = ag + SoAzy + €. Case (ii) is

equivalent to

Q +
- 0o Bo ﬁlxt—i-l/t
1—0[1 ]_—Oél
. « Bo + B
y* = Elyla] = ¢ 420 1iUt,

1—0{1 1—041

where v; is white noise (I(0)). In this case, with both y; and z; being I(1) processes

(so that Ay, and Az, are I(0)), but a particular linear combination of y, and xy,

_ a0 _ PotBr
Yt 1—aq 1—ay

integrated. Note that this co-integration relationship has the interpretation of a

x;, being 1(0), the two stochastic processes are said to be co-

stable long-run equilibrium relationship between y; and z;, i.e. it is implied by the
original model if y, = y;,_1 and x; = x;_;. This permits the model to be re-cast in

its error correction model (ECM) representation

Ay = oo+ (a0 — Dyeo1 + BoAxy + (o + Br) a1 + &
ap Bo + b1
11— 1—og
= (a1 —1) [ytfl - yt*_J + BoAx, + €
Bo
Bo + b1

This model provides consistent equilibrium dynamics. Note that a; — 1 < 0 implies

= (a1 —1) |y—1 — T | + oAz + &

(1 — 1) Ay; + .

= (g —1) [yt_1 - y:—l} +

that y; adjusts downwards (upwards) if its previous level ;1 was above (below)

1Tn this case, it must be that a; # 1 (80 + 81 # 0), because otherwise this would contradict the
hypothesized non-stationarity of z; (y:). It also must be the case that || < 1, because otherwise

the process is explosive.
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its long-run equilibrium level y;_;, and that it adjusts upwards (downwards) if the

long-run equilibrium level increases (decreases).

These re-parameterizations nest other models of interest, by imposing various
restrictions on the parameters. The purely static model has oy = ; = 0. A model
of only partial adjustment has $; = 0. A model in which the two processes y;, and
x; have a so-called common factor (mathematically speaking: share a polynomial in

the lag operator, say 1 — pL) takes the form

(I—=pL)yy = (1—pL)(a+ Bz) + €
=y = ol —p)+pyi—1 + Br, — Bpri_1 + €,

ie. ap = a(l —p), aqg = p, o = B, B1 = —Bp. Note that this is equivalent to a

linear model with AR(1) errors,

vy = a+pr+ 1

Vy = Pl + €.

A model with unit long-run coefficient would impose the restriction '?)_Lfll =1 A

random walk with drift requires oy = 1 and By = ;1 = 0.

Different re-parameterizations are of interest because they permit various inter-
pretations of the dynamics of the processes being modelled, e.g. in terms of long-run
and short-run dynamics. Moreover, they have important implications for estima-
tion. They determine whether a model that is linear or nonlinear (e.g. ECM) in
the parameters is to be estimated. And they ensure that [(0) series are balanced
on the LHS and RHS of a regression equation, so that estimators enjoy standard
VT convergence properties and conventional regression output retains its validity.
To appreciate this latter point, the next section illustrates a case in which failure to

recognize the order of integration leads to invalid inference.
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3.4 Spurious Regression

Granger and Newbold (1974)' and Phillips (1986)® were the first to identify the
issue of spurious regressions. An example common in applied work, and used here to
illustrate the issues involved, might consider the monthly price of a good or service
provided by a firm (y;) as a function of monthly trading volume or sales (z;).'* The
question of interest is whether a change in industry structure, such as for example
the merger of the firm with another firm in the same industry at time 7Tj, translated
into latent synergies that were passed on to consumers in the form of lower prices.
Let 0, = 1y4>7) denote a binary variable that takes on value 1 after the merger was

completed. The proposed model is
Yr = oy + Soe + uy,

and the hypothesis of interest is that ag < 0, vs. ag = 0.

Suppose that both y; and x; are I(1), satisfying

E[?/t|y0] = Yo, Var(yt|yo) = t(fz
Elzy|zg] = 0, var(al|zg) = to?
Yt 1 T, Vt.

The last property, independence of y; and z;, implies that Sy = 0, and in this case,

if the merger has no effect on prices, then u; = y; = y;_1 + €;, where ¢, is white noise.

Examine the OLS estimator of ay. By the partitioned regression formula,
2 V) 22
br = aot 5(1_—> 5(1——>u
" Xt: t Do 7 Z t Do a7 '
x? r?u
= Qp+ Z5t—z5tz—t2> <Z5tut Z(St : t)
t t ¢t
) (Zut+zthIt>.

t>To t>T¢

= oo+ | (T— To+z

t>T()

12Granger, C.W. and P. Newbold (1974): “Spurious Regression in Econometrics, Journal of
FEconometrics, 2, 111-120
13Phillips, P.C.B. (1986): “Understanding Spurious Regressions in Econometrics”, Journal of

FEconometrics, 33, 311-340
4The additional issue of endogeneity of x; is ignored in the discussion of this section.
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The individual components of this expression can be expected to have the following

asymptotic properties: With probability one,

E[x?|z] = tol+x}
] 2
0-.7:
E ;xf ro| = o ;t + Txp ~ 7T2 + Txg = 0,(T?)
] 2
B af|a| ~ Z(I* =T+ (T - Toaj = O,(1%)
t>Ty i
EY wlw| = E|D (na+e)|y|=(T =T+ 1)y = O0y(T)
t _ t>To
E Z w2, 0| = Z Elx?|x0) Elug)yo]
t>To _ t>To
= Z Blaf|zo] Elys—1 + exlyo]
t>To
Op 2 2 2
= o (T 1) + (0 - T
- OP(T2)'
Hence,

Gr = oo+ (Op(T) - O”(TZ))_I (Op(T) _ gzgz%)

= Op —+ Op<1),

ie. limp o Pr(Jar — ag| > €) > 0 for any € > 0. In other words, if ap = 0, then a

conventional t-test will erroneously reject this hypothesis with positive probability.

There are two features to note about this. First, non-stationarity of a regressor
(x4) can spill over, in the sense of having an impact on statistical properties of
coefficient estimates of other regressors, not just on its own coefficient. Second,
if Case (ii) in the preceding section were true, i.e. y; and z; were co-integrated,
then v/7 consistency would be preserved; in this case, a linear combination of I(1)
variables is stationary (I(0)), and this renders the regression residuals [(0). This also
suggests one (single equation based) test for co-integration: First, the individual
variables are tested for unit roots; second, if unit roots are not rejected, a linear

regression model of one variable onto the others is estimated, and the estimated
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regression residuals are tested for a unit root, using an ADF test (again with different
critical values). This is the original Engle-Granger procedure’®. Tt suffers from
inherent problems, however: The assignment of the variables to LHS and RHS
is arbitrary, and it implicity assumes weak exogeneity of the RHS variables. The
conclusion from this is that all variables should be treated equally and symmetrically,
in some sense, i.e. in a system based, multivariate, rather a single equation based,

univariate approach.

4 Multivariate Stochastic Processes

4.1 Vector Auto-Regressive Processes

Let y, = (Y1, , Ymt)' be an m x 1 vector, and consider the vector auto-regression

of order p, VAR(p) for positive integers p,
Yi=Ao+ Ay, +-+ Ath—p + €,

where A;, i =0,--- ,p, are m x m coefficient matrices, and ¢, is multivariate white
noise, i.e. a vector of serially uncorrelated, mean zero random variables with constant
variance-covariance matrix, Ele] = 0 and Efese] = X1g,—y p.d.s. for all s,¢. Define

the underlying characteristic polynomial in the lag operator by
A(L)y=AL+---+A,L"

Then, the VAR(p) can be written as (I — A(L))y, = Ao + &. It is covariance
stationary if all the roots of |[I — A(z)| = 0 lie outside the unit circle. Conversely, it
is non-stationary (each series has a unit root) if |I — A(1)| = 0, which is equivalent

to
I—A(l):I—Al—---—Apzo.

If the process is stationary, its coefficient matrices can be estimated (with VT con-

sistency) using OLS for each equation. The parameters of ¥ can be estimated from

5Engle, R.F. and C.W.J. Granger (1987): “Co-integration and Error Correction: Representa-
tion, Estimation, and Testing”, Econometrica, 55(2), 251-76
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the regression residuals {é;,¢t = p+1,--- T} in the usual way, i.e. the (i, j) element

~

_ 1 T A A .o
ij = T—p Zt=p+1 €i€jt, for 4,5 =1,---  m.

A component variable y; is said to Granger cause another component variable
y; if lagged values of y; help predicting y;, i.e. if any of the matrix elements A%/,
s=1,---,p, are non-zero'®. Note that Granger causality does not mean economic
causality, only statistical validity as a predictor variable. Often, Granger causality
and economic causality run in opposite ways. An example, borrowed from Hamilton
(1994)'7, illustrates this: Dividends do not Granger cause stock prices, even though
stock prices are the present discounted value of expected future dividends and capital
gains; stock prices do Granger cause dividends, however, because they aggregate all

the relevant information regarding expected future dividends.

Stationary VAR(p)s have an equivalent MA(o0) representation. Formally,
ye = (I-A(L) (Ao +e)
= IT-AQ1) A+ Z Vi€,
i=1
where the convention is adopted that )9 = I. The leading constant follows from

Ely,| = Ao+ Z ABly] = Ao+ A()E[y,] = (I~ A1) A,.

The coefficients {15, s > 0} can be determined by matching the polynomials in the

lag operator
I—AL— — A L") =T+ L+l + -+,
which is equivalent to

I—AL—- = A L") T+ L+ pl* +---) =1

16Granger, C.W.J. (1969): “Investigating Causal Relations by Econometric Models and Cross-
Spectral Methods”, Econometrica, 37(8), 424-348; also, Sims, C.A. (1972): “Money, Income and

Causality”, American Economic Review, 62(4), 540-552
"Hamilton, J.D. (1994): Time Series Analysis, Princeton: Princeton University Press
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Hence, matching coefficients on L, L?, - - -,

-A+Y = 0 = Y=A
—As+t ey — A = 0 = a=A +Ay=A+ A,

general result: ¢, = A1+ Aghs o+ F A5, 5=1,2,---

An alternative route to determine the sequence of {15, > 0} is by recursive substi-
tution. The coefficients in the MA (00) representation can be interpreted as impulse
response function, i.e. as marginal impacts of past innovations, e.g. the (i, ) ele-
ment of ¢y, is the marginal impact of the innovation €;;— on y;, 4,5 = 1,--- ,m,
k =0,1,2,---. Note, however, that for this interpretation to be meaningful, the

components of ¢, must be orthogonal to each other.

4.2 Vector Error Correction Representation

In the context of modelling multivariate series and estimation of such models, essen-
tially the same issues arise as in the univariate setting, as discussed above. Hence,
in a multivariate context, error correction representations of VAR(p)s, called Vector
ECMs (VECMs), are useful for the same reasons given before.

A VAR(p) can be represented as

p—1

Ye=Ag+ Py, + Z LAy, 1 + €&,

i=1

which is equivalent to

[a—¢m—<§ﬁw?a—Liw:Awu“

where

O = A(l)=A,+---A,
I, = —[Aa+-4A), i=12- p—1
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To see this, note that

(I- L) — (pz riLi) (I-1L)

= I-OL T\ L+T L2 —Tol? +Tol? — - =T, (L7 T, | L7
= I—(®+T))L—Ty—T) L= —(Tpy —Tpo) P 4T, LP
= I-AL—--- A"

An equivalent representation is the VECM

p—1
Ay, =Ag+ (® - Dy, + Z LAy, 1 + €&

i=1
This is referred to as the Sims, Stock and Watson (1990) canonical representa-
tion, originally due to Fuller (1976)'®. Notice that this is yet again simply a re-
parametrization, and there exists a one-to-one mapping between the coefficient ma-
trices of the VAR and the VECM. The VECM can be estimated by OLS, and VAR

coeflicients can be determined via the above formulae.

Just as the coefficient on lagged y; in a univariate ECM plays a critical role
in determining the integration properties of the series being modelled, so does the
coefficient matrix II = ® —I = A(1)—I in the multivariate case. From the definition
of covariance stationary in the multivariate context, it follows that the VAR(p) is

non-stationary if, and only if, 2 = 1 is a solution to the determinatal equation
I—A(z)] =0.

It is straightforward to see that II having full rank m corresponds to the other
extreme case of y, being 1(0). Suppose, to the contrary, that rk(II) < m. Then,
there exists a vector a € R™ such that /I = 0. Consider, for simplicity, a VAR(1)
for which IT = A; — I. Then,

Ay, = Ag+1Ily, 4 +e
= d'Ay, = dAg+dly,_; +de

= Ay, = dAg+de,

8Sims, C.A., Stock, J.H. and M.W. Watson (1990): “Inference in Linear Time Series Models
with Some Unit Roots”, Econometrica, 58(1), 123-144; Fuller, W.A. (1976): Introduction to
Statistical Time Series, New York: Wiley
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ie. o'y, is I(1), a contradiction to the hypothesis that y, is I(0). Hence, full rank

of Il is equivalent to all components of y, being covariance stationary.

Noting that each equation in a VECM looks just like an univariate ARDL model
in which z; represents another component of the vector y,, one might expect the
matrix II to be informative about co-integrating relationships as well, because Ily,_;
is just a collection of m linear combinations of the elements of y, ;. In order to then
balance the order of integration of the LHS and RHS, it must be the case that II,
in a sense that will be made precise below, contains all coefficients of co-integrating
relationships among the elements of y,, i.e. all co-integrating vectors that induce
linear combinations of the elements of y, which are I(0). It follows from the preceding
two paragraphs that the case of co-integration among the component series of y,
corresponds to 0 < rk(I) = r < m. In this case, it is said that there exist r distinct
co-integrating relationships between the m elements of y,, each corresponding to a
co-integrating vector j3; so that Bjy, is 1(0), j = 1,--- ,r. In terms of the solutions to
the determinantal equation, the case of r co-integration relationships between the m
elements of y, is equivalent to m —r solutions (out of mp solutions of |[I— A(z)| = 0)
that lie on the unit circle, with a real part equal to unity, while all other solutions
lie outside the unit circle and correspond to the co-integrating relationships and

higher-order dynamics.

The foregoing discussion is summarized in the Granger Representation Theorem:

Consider the vector-valued process {y,,t > 0} of dimension m, satisfying
p
yi=A(L)y, +e& = ZAz‘YtA + €,
i=1

where €; s multivariate white noise. Suppose there existr co-integrating relationships

among the m elements of y,. Then,

(1) there exists an m X r matriz 5 with vk(8) = r, such that z, = By, is a system
of v 1(0) series;

(2) Ay, has an MA(co) representation: Ay, = (L)€, where (L) = I+> 2 ¢ LF,
and (1) = 0;
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(3) II = A(1) — I has tk(Il) = r, and there exists an m X r matriz «, such that
I =ap;

(4) there exists a VECM: Ay, = az; 1 + Y0 %Ay, ; + €.

The last assertion of part (2) is not critical for the understanding of the further

development; its proof is given in an appendix.

If some of the series in the VAR are subject to a deterministic time trend - which,
if present, in the case of economic series is typically linear - then it can be included
into the co-integrated relationship, in analogy to Section 3.2.4 above.!® Formally, in
terms of the formalism of the preceding Theorem, if the original VAR(p) is of the
form )

yi=AL)y, +vt+e =Y Ay, +7t+e,
i=1
where 7 is a m x 1 vector of coefficients on the time variable ¢, then the associated
VECM is

p—1

Ay, = a(z,-1 + 6t) + Z ViAy;_; + €,

i=1

where the r x 1 vector § satisfies ad = .

It is important to note that o and S are not uniquely determined, since for any
non-singular r x r matrix Q, II = a8’ = aQQ '3 = af, where @ = aQ and
B = B(Q'Y. The same argument applies to 0. The appropriate choice of @ is
usually guided by economic theory and equivalent to imposing r? restrictions on the

elements of Q.

191f it were included without being restricted to be part of the co-integrating relationship, then

this might imply a quadratic trend in the respective original series.
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4.3 Johansen Co-integration Tests

Johansen co-integration tests®® present a formal statistical framework to test hy-
potheses about the rank of the matrix II in the VECM representation of a VAR(p),
which, as shown above, relate to the integration properties of the multivariate

stochastic process y,. Testing can thereby take various forms. For instance,
(I) Ho: tk(I) =0, vs. Hy: rk(II) > 0.
(II) Hy: 1tk(II) =0, vs. Hy: rk(II) = 1.
(III) Hy: rk(II) =7, vs. Ha: tk(I) > 7.
(IV) Hy: tk(Il) =r, vs. Ha: tk(II) =7+ 1.
Cases (I) and (II) are considered here in turn.?! As in the case of testing for unit

roots in the case of univariate stochastic processes, there are further test variants

when deterministic trends are included in the model.

4.3.1 Case (I)

Consider the model Ay, = Ily, ; + v;; here, the intercept vector and the lagged
differences Ay, ., s = 1,--- ,p; are omitted, as they are irrelevant to the under-
standing of the underlying principles of the test procedure. Stack up the 7' systems
Ay, =y;_1I' + v}, to form

AY =Y _II' + v,

where Y = <YI7"' 7YT>/7 Y—l = <y07"' 7YT—1)/ and v = (Vl,"' 7VT)/ are T' X m

matrices. If the rows of v are assumed to be normally distributed, with mean zero,

20Johansen, S. (1988): “Statistical Analysis of Co-integration Vectors”, Journal of Economic
Dynamics and Control, 12, 231-254; and Johansen, S. (1991): “Estimation and Hypothesis Testing
of Co-integration Vectors in Gaussian Vector Autoregressive Models”, FEconometrica, 59(6), 1551-

1580
21The organization and presentation of Johansen tests provided in this section builds on Tom

Rothenberg’s exposition of this material in a graduate time-series course at U.C. Berkeley. 1T am

indebted to him for his lucid introduction to this topic. All errors are mine.
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contemporaneous variance-covariance matrix ) and serially independent, then the
joint probability density of this model, or the likelihood function of the parameters
IT and €2, given the data, is

T

1
[Trveme) o jof Fesp szﬂ-lvt>
t=1 t
T 1 -
= |Q| 2 exp —Etr <; VQQ 1Vt>)
= ‘Ql_% exp —EZtr (V/Q_lvt)
24 !
= Q|2 exp 1 Ztr (Q 'vyvy)
24 !
1
= ‘Ql_% exp —§tr <Q_1 ; VtV;>>

= ‘Q|*% exp (—%tr (91V'V)> ,

where V. = AY — Y_,II"'22 Given II,  can be concentrated out in the usual way,

i.e. by choosing 2 = zV'V.2 Then, the concentrated likelihood function is

T _T -1
1 2 1 V'V
tljlf(vt;l_[) o TV/V exp <§tr<( T ) V'V))
1 -3
- !
x TVV
1 -3
- vy -vam

— max
II

T
& min 7 In (J(Y = Y_II') (Y = Y_IT')|) .

Imposing the null hypothesis of Case (I), i.e. the m? restrictions IT = 0, yields
%ln (|AY'AY]), which is proportional to the log-likelihood function under the null
hypothesis.

22Gtrictly speaking, the preceding expression is the conditional density of Y, given y,,.
23 Appendix B.3 is a brief review of concentrating out parameters from a likelihood function.
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Under the alternative hypothesis, the unrestricted estimator of 11 is the OLS es-
timator (on each equation), and the log-likelihood function, evaluated at the estima-
tor, is proportional to the logarithm of the residual sum of squares, i.e. proportional
to £1In (JAY'My_,AY]), where the T'x T matrix My_, =I-Y_;(Y ,Y_;)"'Y",

is the orthogonal projector onto the space orthogonal to the column space of Y_;.

The likelihood ratio test statistic for Case (I) is then, as usual, twice the difference
between the log-likelihood of the unrestricted and restricted model, i.e.

AY'My | AY
AY'AY

2
Xm2»

ﬁRT =—TIn ('

and the null hypothesis is rejected when this statistic exceeds the critical value of a

anz distribution for the appropriate size of the test.

The usual representation of the Johansen test is in terms of certain eigenvalues.
To deduce this, notice that

LRy = -Tl <|AY’AY|_1\AY/ML1AY|)

— T (\AY’Ale AY'AY — AY'Y (Y., Y )Y 1AY]>

ol

— T (‘1 C(AY'AY) FAY'Y (Y, Y )Y LAY (AY'AY)

— —Th (H ui) =-T Zln(ui),

where the third (fourth) equality follows from a linear algebra result provided in

)

Appendix B.1.1 (B.1.2), and {u;,i = 1,--- ,m} are the characteristic roots (eigen-

values) of the matrix

[SIE

Q=1-(AY'AY) ZAY'Y_ (Y, Y_)'Y ,AY (AY'AY) 2.

The representation of the log-likelihood test statistic in terms of eigenvalues is usu-

ally referred to as Johansen trace statistic for Case (I).

4.3.2 Case (II)

In this case, since the null hypothesis is the same as in Case (I), the denominator

of the test statistics (the log-likelihood function under the null hypothesis) remains
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the same as before. The numerator is proportional to the logarithm of the sum of
squared residuals when the restriction Il = a8’ is imposed, where a, 5 € R™, and
the model is

AY =Y _ II'+v=Y_a8 +v.

Hence, the log-likelihood function under the alternative hypothesis is proportional
to ZIn (|(AY — Y_1a8) (AY — Y_1af')|), which is to be minimized with respect

to B, given «, i.e. concentrating out [, and subsequently with respect to a.

Let z = Y_j, which is stationary under the alternative hypothesis, with co-
efficient vector (; i.e. « is the single co-integrating vector under the alternative
hypothesis. Cast in this form, the model under the alternative hypothesis amounts
to m LHS variables collected in Ay, and a single RHS variable z;, which enters each

equation with an individual coefficient 5;, 1 =1,--- ,m:
Ayi,t =ﬁ¢2t+vi,t, 1= 1, ,m;t: 1’ 7T'

The coefficients f; can be estimated by individual OLS regressions. Consequently,
and analogously to Case (I), the log-likelihood function under the alternative hy-
pothesis is proportional to %ln (’AY'MYAQAY ), where My _,o = M, =1 — zz.

z'z’

Using the result provided in Appendix B.2,

— min.
«

T (aysy .ay)) =L @Y. MayY 10| [AY'AY|
2 Yfla - 2

‘O/Yl_lY_IOé‘

This is a ratio of quadratics in «, i.e. of the form % In (g:g‘;), where A =Y | MavyY 4

and B =Y’ ,Y_;, which is p.d.s. The FOCs of this minimization problem yield

0 = (&'Ba&)°(&/Ba2Ad — & AG2Ba@)

& Ad
=0 = (A- B|a
( & Ba )O‘

— (A-#B)a
(B-taBt 1),

<0

~ .. . _1 _1 ~ 1.
where 7 are the characteristic roots (eigenvalues) of B"2 AB~2 and 4 = B2&. There
are m pairs of eigenvalues 7 and associated eigenvectors &. Minimization with re-

spect to & leads to choosing the smallest eigenvalue, 7 Hence, the log-likelihood

min-
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under the alternative hypothesis is proportional to %ln (|AY'AY| 7 so that

the Johansen likelihood ratio test statistic for Case (II) is

min) )

ERT =—TIn (

7amin) :

Note that, as a consequence of the result provided in Appendix B.1.3,

[SIES

B 3AB™F = (Y, Y_)) Y MayY_, (Y Y1)

has the same eigenvalues as

N

(AY'AY) 2 AY' My AY (AY'AY) 2,

and these are 1 — p;, @ = 1,--- ;m (see Appendix B.1.4), where the u; are the
eigenvalues of the matrix ) encountered in Case (I). Hence, the Johansen likelihood

ratio test statistic can also be expressed as

ERT =—-TIn (]. - /Lmax) .

4.3.3 Further Results

Using the same principles as in the preceding two subsections, the Johansen likeli-
hood ratio test statistics for the remaining two test cases can be deduced. For Case
(III), Hy : rk(IT) = r against H4 : rk(II) > r, the test statistic is

ERT =-T Z In (,u(i)) s

i=r+1

where p1q) < -+ < pim) are the ordered eigenvalues of the matrix () obtained in
Case (I). Similarly, for Case (IV), Hy: rk(Il) = r against Hy : rk(Il) =r+1,

LRy = =T (1~ pignr) = ~Tn (7))

where 7y < -+ < () are the ordered eigenvalue of I — (). The critical values

depend on m and r and are provided in tables or by statistical software.
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5 Supplement: Time Series Models of Heteroskedas-
ticity

5.1 Basic Concepts

Up to this point, it was assumed that the stochastic processes being modelled are
propelled by innovations that have constant variances and covariances over time.
This assumption impedes the analysis of potential volatility in the series, i.e. chang-
ing or heteroskedastic variances (and covariances) over time. Time series models
of heteroskedasticity have important applications as a useful tool to capture the
volatility of a stochastic process, notably in empirical finance. Recent experience in
financial markets shows that - beyond the theory of efficient financial markets which
predicts no autocorrelation in asset returns - squared returns vary widely and, to
some extent, predictably depend on the past. This suggests that conditional vari-
ances may follow a time series process as well, and sometimes this process may be

characterized by a distribution with thick tails.

For the purpose of illustration, consider the univariate stationary AR(p) process
Y = Cc+ Zle OiYi—; + ug, where u, is assumed to be white noise, i.e. u; is i.i.d. with
E[u] = 0 and E[usus] = 0%1=}, 0 > 0. The white noise assumption implies that
the process’ unconditional variance is constant. This does not preclude that the

conditional variance may vary over time. One way to model this is as a stationary

AR(m) for {u?,t=1,---}:
U? = f + Z OZjU?_j + wy,
=1
where w; is white noise, i.e. w is iid. with Elw] = 0 and Elww,] = A1y,

A2 > 0, for all t. Since Flus|us_s,s = 1,2,---] = 0 this implies for the conditional

variance of u;, given the past,
E[uf]uf_s, § = 17 27 o ] = 5 + Zajuf—j'
j=1
This AR(m) model for u? is called Autoregressive Conditional Heteroskedasticity
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(ARCH) model (Engle (1982)%* ).

This model requires further restrictions in order to be an adequate representation
of volatility and to be compatible with the stationary AR model for the primary
series of interest, y;. (i) To ensure that the conditional variances are positive, it is
required that a; >0, j = 1---,m, and £ > 0. (ii) To ensure that u? is covariance
stationary, it is required that |1 —a(z)| = [L = > | a;2’| = 0 have all roots outside
the unit circle. Provided these conditions hold, the unconditional variance of u; can

be expressed in terms of the ARCH model parameters as

o? = ¢/(1-a(1)).

Further restrictions are required if the model is designed to eliminate thick tails,
i.e. to control higher-order moments. To see this, consider the alternative represen-
tation of the innovations u; = v hvy, hy = & + ZTZl ajuf_j, so that v, = \;L_ftTt have

the interpretation of standardized innovations of the primary process y;, satisfying

E[v;] = E[E[vi|lus—g,s=1,---]]=0

1 1
var(vgug_g, s =1,-++) = h—var(ut|ut,8, s=1,---)= h—(ht + )\2)
t t

var(v) = Efuj/h] =E [E[Wf|us, s =1,---]/h] = 1.

The thickness of the tails of the distribution of v; is governed by its fourth moment,
E[(v? — 1)?]. Since u? = hw? = hy + wy, it follows that w; = hy(v? — 1), so that
Elw?] = A = E[hZ(v? —1)?] = E[hZ]E[(v}—1)?], because v; is independent. Consider,
for simplicity, the case of an ARCH(1) model, for which h; = £ + ayu? ;. Then, the

2Engle, R.F. (1982): “Autoregressive Conditional Heteroscedasticity with Estimates of the
Variance of United Kingdom Inflation”, Econometrica, 50(4), 987-1009.
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unconditional expectation of h? is
Elhi] = E[(&+ oy ,)’]
= &+ fElug ]+ 2E[u7_4]

= &+ o] (var(ui_) + (E[uy ])*) + 2018

1— (05}
)\2 52
2 2
— 2
f + o] (1—0{% + (1—(11)2) + Oélfl_al
_ ai)? N (1 — )2+ 28 +2(1 — ag)a €2
1-— CE% (1 — 041)2
e a

(1—a1)2+ 1—a?

Therefore,
/\2

£2 + a2’
(1—a1)? 1-a?

E [(vf —1)°] =

Suppose the assumptions are slightly strengthened, so that the standardized

ug

Vhe
distributed N(0,1). Then, the fourth moment satisfies E [(v? — 1)?] = 2. The above

expression for the fourth moment then implies

innovations v, = have a distribution whose tails are not thick, say they be

N(1-3a2) 28

1—0&% (1—041)2‘

The right-hand side is positive. Therefore, for the left-hand side to be positive, it is
required that oy > 1/ V3.

Empirically, for financial time series, such restrictions on the tails of their distri-
butions are typically rejected. Researchers, therefore, often maintain distributional

assumptions that allow for thicker tails, e.g. t-distribution instead of normality.

5.2 Estimation of ARCH(m) Model

Assuming v; is Gaussian, then estimation can proceed by Maximum Likelihood

methods. The likelihood function is thereby set up recursively.
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Let Yy = (yt, Y4—1, -+ ). Then, the conditional density of y;, given the past, is

FlVri0) = ———oxp (—i«l D) - c>2)

1
V 27Tht th

where @ = (¢, 1, -+, dp, 01, -, m, €). The log-likelihood function I(6; y_p+1, -+, yr)

can then be expressed as

1O: Yty yr) = W (Fy, s yrlyo - s Yomps; 0))
= Zln (f (el Vi-1;0))
T 1 Z 1 (1= o(L)y: — ¢)?
= -3 In(27) — 3 ;ln(ht) ) ; hy .
—  max!

0

5.3 Extensions
5.3.1 Generalized ARCH (GARCH)

Consider the model h; = £ +m(L)ui, where w(L) = 3°°2 | m;L/ is an infinite polyno-
mial in the lag operator L and the u; are white noise, as above. Parameterize (L)
as the ratio of two finite order polynomials in L:

a(L)

7T<L) = 1_—5(m7

where
a(l) = Zaij
j=1
o(L) = D 6Lk,
k=1

where it is assumed that |1 — §(z)| = 0 has all roots outside the unit circle.

This yields
all)

b, — )
=8 1—o(L)"
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from which it follows that
(1= 8(L))he = (1 = 6(1))§ + (L),
which is equivalent to
he = (1 —6(1)E 4 81hyy + -+ 6phyp +qu? | + - + apul

i.e. hy follows an ARMA(r,m) process. This model is referred to as Generalized
ARCH (GARCH; Bollerslev (1986)?°). Estimation proceeds my maximum likeli-
hood, analogous to the case of ARCH.

5.3.2 Integrated GARCH (IGARCH)

Consider the following GARCH model. Suppose (1 —§(L))h; = & + a(L)u?, so that

ht = g + Z 5iht—i + Z OljU%_j.
i=1 j=1
Then,

e+ = &= 01(ufy —ha) = = 0w, = b))+ Sl Y gl

=1 Jj=1

Defining the martingale difference sequences w; = u? —h; which satisfies E|w;|past] =

0, and p = max{r, m}, this model is equivalent to

p r
u? =&+ Z(‘Ss + O‘S)ut{s +wp — Z OpWi—k,
s=1 k=1

where §; = 0 for s > r and ay = 0 for s > m, k,s = 1,--- ,p. Thisis an ARMA(p, )
process for u7. It has a unit root if >-*_ (s + a5) = 1. This special case is called
IGARCH (Engle and Bollerslev (1986)%).

ZBollerslev, T. (1986): “Generalized Autoregressive Conditional Heteroskedasticity”, Journal

of Econometrics, 31, 307-27.
26Engle, R.F. and T. Bollerslev (1986): “Modelling the Persistence of Conditional Variances”,

FEconometric Reviews, 5, 1-50.
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A Granger Representation Theorem, part (2)

Note, first, that 51(1) = 0 implies [Iy)(1) = 0, which, in turn, is equivalent to
(A(1) —I)3(1) = 0. To prove the assertion, notice that the MA(co) representation
Ay, = (I - L)y, = ¢(L)e,implies

I-AL)I-L)y, = I-AL)y(L)e
& I-L)I-A(L)y, = (I-A(L)Y(L)e (linear operators commute)
& (I-L)e = (I-A(L)Y(L)e,

for any realization of the random vector ¢;. Therefore, (I — L) and (I — A(L))y (L)

represent the same polynomials in the lag operator, i.e.
(I—-2)=O—-A(2))¥(z) for any z;

Choosing z = 1 yields the desired result. U

B Useful Auxiliary Results

The following results are useful for the development of the Johansen Tests for

the number of cointegrating vectors.
1. Let A and B be matrices of dimension n x n.

1.1 Distributive law: det(AB) = |AB| = |A||B|.

1.2 Eigenvalues and matrix spectrum: The eigenvalues (characteristic roots)

Ai, @ =1,...,n, of A satisfy the characteristic equation
det(A — \I,) =0.

Furthermore, there exist n eigenvectors (characteristic vectors) a;, i =

1,...,n, of dimension n x 1, such that

(A—)\ZIn)alzﬂ, z:l,,n
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1.3

1.4

The collection of eigenvalues of A, A(A) = {\;;i = 1,...,n}, is called
the matrix spectrum of A and satisfies

|A| = ﬁki.
i=1
Let \;, 1 =1,...,n, satisfy
(1) M, — (A’/A) 2A’B(B'B) 'B/A(A’A) 2| = 0.
Then, u;, i = 1,...,n, satisfying

(2) |1, — (B'B) 2B'A(A’A)'A'B(B'B) 2| =0

are pairwise identical to A;.

Proof: Let A

~ ) ~

— A(A’A)"2, and B = B(B'B) 2. Then, (1) is equivalent
to |NI, — A B/A| = 0, while (2) is equivalent to |u;I,, — BIAA/B] = 0.
Letting C = A'B, (1) is equivalent to |\I, — CC'| = 0, while (2) is
\p;I, — C'C| = 0. Denoting the corresponding characteristic vectors by
x; and z;,

C'Cx; = \x,

CC'z, = iz,

implying

Z;C,CC/Xi = )\Z'Z;C,XZ'7
x.CC'Cz; = ux.Cz;,

so that pu; = A;.

Let A\;;, i = 1,...,n, be the eigenvalues of A. Then, v, =1 —\;, 1 =

1,...,n, are the eigenvalues if I,, — A.

Proof: This follows immediately from the definition of \;,
0=[A-NL|=|A-1I,— (N —DL,|=(-1D)"L, — A—(1- X\,
and so 0 = |I, — A — (1 — \)L,].
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2. Let W = [U, V], where the matrices U and V have dimensions n x a and
n x b, respectively. Let My = I, — U(U'U)"'U’, and analogously for My, .
Then,

, U'u UV
WW = .
vV'U V'V
For the case a = b = 1, U and V are column vectors, hence their inner
products are scalars, and so it can readily be verified that
det(W'W) = (U'U)(V'V)-(UV)?
= (U'U)(V'V - (UV)?/UU) = (UU)(VMyV)
= (VV)(UU - (UV)?/V'V) = (VV)(UM,U).

This generalizes for arbitrary integers n:

det(W'W) = [W'W| = |U'U||[V'My V| = [V'V|[UM,U|.

3. Concentrated Likelihood Function: Consider the normal linear regression model
Ynlxn ~ iid. N(x\Bo,02), n = 1,...,N. Let y = [y1,...,yn] and X =
[X1,...,xy]/. ML estimation of 8y and o2 amounts to maximizing the average

log-likelihood function

N
L6y X) = 53 ( e (gl - %07 ) ).

N 11
ie. rgarg( L(B,0%y,X) < rglag {——ln((f?) ——— ) (yp— % 5)2} .

Note that the order of maximization is immaterial. For any value of 5, max-
imization with respect to o yields the solution o?(8) = + SN (y, — x,8)%.
This allows to concentrate out o2 in the average log-likelihood function and
cast the maximization problem as a maximization over [ alone:

max L(B,0%y,X) max L(B,0%(5); y,X)

& max —gln(&(ﬁ)) —%

& max —g In(u(8)u(8)), where u(8) =y — X.
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It is straightforward to check that this results in the well-known MLE for Sy,
3, equivalent to the OLS estimator, and in the MLE for o2, 62 = 02(j3).

. Details on the Sargan-Hansen J-test statistic: Let rk(Z) = m > rk(X) =
k. It follows from the definition of the 2SLS estimator that var <BQSLS> =

02 (X'PzX)"". Therefore,
var <y — XBQSLS‘ X, Z) = var (y|X,Z) + var <XBQSLS‘ X, Z)
—Ccov (y, XB2SLS‘ X, Z)
—CoVv <XBQSLS7 y‘ X, Z) .

Since X' Py, [I X (X'PX) ! X’Pz} — 0 implies cov (XBQSLS
it also follows that X (X'PzX) ' X Pz = X (X'PzX) ™" X'. Hence,

X,z) — 0,

cov (v, Xbogrs|X,2) = var (Xhogrg| X, 2)
= var (y - Xhogr|X.Z) = 0 [1- X(X'PX) !X
= 0’ [I-X(X'PzX) ' X'Py].

Also, the matrix in square brackets in the preceding expressions is idempotent

and symmetric, and so

k (I - X(X'PzX)'X') = tr(I-X(X'PzX) 'X'Py)
= N —tr ((X'PzX)"'X'PzX)
= N—k.

Finally,

var (Z/(y — XBogr | X, Z) = o*Z (1- X(X'PzX) 'X) Z
= 02 (ZZ - ZX(X'PzX)"'X'Z).

Then, rk(Z'Z) = m, rk(Z'X) = k and rk(X'PzX) = k imply that the central
matrix of the J-statistic satisfies rk (Z' (I — X(X'PzX)'X')Z) = m — k.
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